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Preface 


The theory of semigroups has experienced a vigorous development 
during the last decades to become an independent branch of algebra 
with applications to several branches of mathematics. 

This monograph grew out of the conviction that this theory has 
advanced far enough to deserve a book primarily designed for teaching 
the subject. The problem of choosing the material from the vast infor- 
mation available on various aspects of the theory quickly transformed 
the original idea of the scope of the monograph to combine it with a 
reference book for the specialist in semigroup theory as well as for per- 
sons interested in branches of algebra related to this theory. This is 
enhanced by the special point of view adopted, viz., a strong emphasis 
on structure theorems expressed in terms of the greatest semilattice 
decomposition and ideal extensions, which appears here for the first 
time in book form. It is hoped that this monograph will prove a suitable 
text for the graduate student interested in the subject, a reference book 
for the specialist, and a useful guide for persons whose interests include 
this theory. 

Most of the material presented here has been first elaborated in a 
course given to advanced graduate students in 1967-9. I am indebted 
to students of that class for numerous corrections of and helpful remarks 
on the original version of this text. Professor B. M. Schein has read the 
entire material with great care and has freely given of his advice. Pro- 
fessors A. H. Clifford, C. F. Fennemore, T. Pirnot and T. Tamura have 
suggested several improvements and corrected many errors. The aid of 
these persons has definitely improved the quality of presentation of the 
material covered. To these persons and all others who have contributed 
to the existence of this book, I express my sincere thanks. 
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Preliminaries 


The purpose of this chapter is to introduce basic concepts used 
throughout this book and to establish their simplest properties. Only 
the minimum of the notions and properties is discussed here; this is a 
short preparation of general nature which is needed for more specialized 
subjects treated in the remaining chapters. 


1.1. Introduction 


The theory of semigroups had essentially two origins. One was an 
attempt to generalize both group theory and, to a lesser extent, ring 
theory to the algebraic system consisting of a single associative operation, 
which from the group theoretical point of view omits the axioms of the 
existence of identities and inverses, and from the ring theoretical point 
of view omits the additive structure of the ring. The second consisted of 
an algebraic abstraction of the properties of the composition of trans- 
formations on a set; this can be understood as a generalization of the 
abstract treatment of transformation groups. Later sources include an 
abstraction of certain ideas arising in differential geometry, the theory 
of automata, transformations on a topological or linear space, etc. From 
these different origins, a collection of scattered results has emerged 
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which in time have sorted themselves into several, rather separated, 
branches of what is today called the algebraic theory of semigroups. 

For the consolidation and continuity of the separate branches and 
the theory in general, the first monographs on the subject have exercised 
a decisive influence: SuSkevit’s The theory of generalized groups, Ljapin’s 
Semigroups, and Clifford and Preston’s The algebraic theory of semi- 
groups. While SuSkevié’s book is of a more pioneering character and 
contains mainly the author’s own investigations, the latter two mono- 
graphs try to cover the main aspects of the theory. In Ljapin’s book a 
recurring theme is the appearance of various semigroups of (partial) 
transformations on a set. In the book by Clifford and Preston a fre- 
quently used tool for the study of abstract, and sometimes concrete, 
semigroups are Green’s relations. All of these monographs seem to be 
primarily written as reference books rather than texts for use in a class- 
room. Rédei’s research tract ““The theory of finitely generated com- 
mutative semigroups” covers an aspect of this specialized field. 

With this book we offer two novelties. The first one is the approach 
primarily designed as a lecture series to be used in a classroom for the 
student who should have had some course in modern algebra, say on the 
senior or first year graduate level in the U.S. Nevertheless, the book is so 
organized that it can be easily and, we hope successfully, used as a refer- 
ence. In it the specialist will find many results and topics not covered in 
the books mentioned above and a few results appearing here for the first 
time. The second novelty is the mathematical approach to the subject and 
the choice of the topics covered. Here we adopt the point of view, mostly 
propagated by Professor T. Tamura and the author, that a semigroup 
should be studied through its greatest semilattice decomposition. Intu- 
itively the idea consists of decomposing the given semigroup into “smaller 
subsemigroups,” possibly of considerably simpler structure, studying 
these in detail, and finally studying their mutual relationships within the 
entire semigroup. 

In Chapter I, after this introduction, we define the basic concepts, 
establish a few properties of these to be used in the succeeding chapters, 
and discuss some often occurring and most elementary examples. 
Chapter II deals with the basic tool of our approach, viz., the greatest 
semilattice decomposition. In Chapter III we consider ideal extensions 
as these are closely related to the subject started in Chapter II. The 
theory developed in Chapters II and III is applied in Chapter IV to the 
class of completely regular semigroups. Finally, in Chapter V, we study 
the translational hull of an arbitrary and some special semigroups, as the 
need for this arises from the considerations in Chapters [II and IV. 
This is followed by an appendix which lists certain semigroups of order 
< 4 and indicates how to construct the remaining ones. 
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Rather than try to cover a great number of subjects, we have confined 
ourselves to a small number of topics, which are then mostly covered to 
the “research boundary.” On the one hand, this gives the student a 
somewhat specialized look at the theory, but, on the other hand, it 
takes him in a single course from nothing (in the semigroup sense) to a 
general working knowledge of the subject. This in turn makes it possible 
for him to do research in any of the areas covered here and makes the 
reading of other books on semigroups much easier. 

It should be mentioned here that besides “abstract” semigroups, 
i.e., Semigroups with only a binary associative operation, treated here, 
there is a variety of other kinds of semigroups. These are either provided 
with some additional structure(s), e.g., ordered semigroups, topological 
semigroups, etc., or are semigroups of various kinds of transformations 
on algebraic, topological or other structures, e.g., semigroups of oper- 
ators in functional analysis, or are subsemigroups of a semigroup of 
particular interest, e.g., semigroups occurring in number theory or the 
mathematical theory of languages. None of these semigroups will be 
studied in the present work. 

The statements are numbered with 3 numbers, e.g., [V.5.6 means: 
Chapter IV, Section 5, Statement 6; they are referred to in full except 
if they appear in the same chapter, in which case the number denoting 
the chapter is omitted. Each section in Chapters II-V ends with a set of 
exercises (more difficult ones are starred and some are provided with a 
hint) and a few references for further reading or for a consultation of 
the original paper. 


1.2. Definition of a Semigroup 


The reader should recall the definitions of an ordered pair and the 
Cartesian product. 


1.2.1 DEFINITION. A (binary) operation, or a multiplication, on a 
set S is a function which to each ordered pair of elements of S associates 


a unique element of S. 


Hence a multiplication on a set S is any function mapping the Cartesian 
product S X S into S. Its value at the pair (a,b) will be usually denoted 
by juxtaposition ab, or sometimes, particularly when several operations 
on S are considered, by some special symbol such as a * b. The notation 
(a,b, ... € S) stands for “for all GD. Sani. 
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1.2.2 DEFINITION. A multiplication on a set S is associative if 
it satisfies the condition 


(axb)*c =a*(b*c) (a,b,c € S) 
called the associative law. In such a case, the pair (S,*) is a semigroup. 


It is customary to say “semigroup S” rather than “semigroup (S,*).” 
Here we interchange the meaning of the semigroup and the set on which it 
is defined even if the multiplication is denoted by a special symbol. This 
is an established practice and will cause no confusion. The next propo- 
sition points to the real significance of the associative law. 


1.2.3 PROPOSITION. Every semigroup S satisfies the general 
associative law which says that the value of the product of n elements 
of S does not depend on the positioning of the parentheses. 


Proof. We define first aja2 ...@n = ai(a2(... (Gn-1@,)... )), and 
by an inductive argument on the number n of factors show that 
with any other positioning of parentheses we again obtain the 
element aia2...a,. This is trivial for n = 1,2 and is given for 
n = 3. Suppose that a is a product of aj,a2,..., a, with n > 3 
and that the statement holds for all r < n. No matter what the 
positioning of parentheses in a is, we must be able to write a = 


be where 6 is the product of ai,a2,..., a, and c is the product 
Of Gr41, Q42,.--, @nfor some | <r < n. By the induction hy- 
pothesis, we obtain b = aja2...a, and C = @,11G;12... Gn. 


Using the induction hypothesis we further have 


a = be ="(aja2. . .G;)(Gr1G-42 ... a) = 

(@i(@2.> «/. Gp),| (GA1Gneo.. + On) == Gi\(Gs ee ONG ie Oe) 
= Gy (O2:; og Cnt iene Ae) OI eel 

Qt be =a (G7. 3G,) = Giada sane it ore 


In light of this proposition, we are able to omit all parentheses from 
products of an arbitrary number of elements of any semigroups. Never- 
theless, we will often use parentheses as an indication of the way a 
certain expression was derived from the preceding one, which will save 
explanations. 
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1.3. Special Subsets of a Semigroup 


A number of subsets of a semigroup enjoy special properties relative 
to the multiplication and are of particular importance. 


1.3.1 DEFINITION. A nonempty subset T of a semigroup S is a 
subsemigroup of S if it is closed under the operation of S; ie., if a,b € T 
then ab € T. 


It is clear that a subsemigroup of a semigroup with the induced multi- 
plication is a semigroup in its own right. 


1.3.2 DEFINITION. A semigroup S is generated by its subset G 
if every element of S can be written as a product of some elements of 
G. A semigroup S generated by a subset consisting of a single element 
is a cyclic semigroup. If A is a nonempty subset of a semigroup S, then 
the set 


{a1a2...a,| a; € A and nis arbitrary} 


is the subsemigroup of S generated by A. 


1.3.3 LEMMA. Let A be a nonempty subset of a semigroup S. 
Then the subsemigroup of S generated by A is the intersection of all 
subsemigroups of S containing A. 


Proof. Exercise. 


Hence the subsemigroup generated by A is under inclusion the least 
subsemigroup of S containing A. 


1.3.4 DEFINITION. A nonempty subset T of a semigroup S is a 
left ideal of S if s © S, t € T imply st € T; T is a right ideal if s € S, 
t € T imply ts € T; T is a two-sided ideal (or simply an ideal) if it is 
both a left and a right ideal. An ideal of S different from S is a proper 
ideal. 


We will often encounter statements pertaining to one-sided concepts, 
e.g. left ideals. Their analogues pertaining to the other side will not 
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be stated explicitly and will be referred to as “the dual” of the original 
statement. The following notation will be convenient. 


1.3.4 NOTATION. If A,,A2,...,4n are nonempty subsets of a 
semigroup S, then 


AjA>:.. A, = {Giao.. aa|0r€ Ay, Vern. 


If A; = {a} is a singleton, then we write A,;A2...Aj-1@Ai41... An 
and if A = A; = Az =... = An, we write A” instead of A1;A2... An. 


In general, we will not make a distinction between a one element 
set and the single element it contains. The above definitions can be 
rephrased thus: a nonempty subset T of a semigroup S is a (i) sub- 
semigroup if T? C T, (ii) left ideal if ST € T, (iii) right ideal if TS C T, 
(iv) ideal if ST U TS C T. Furthermore, for any nonempty subset A of 
S, the subsemigroup of S generated by A coincides with U;_,A”. 


1.3.5 LEMMA. Each of the sets (all left ideals, all right ideals, 
all ideals of a semigroup S) is closed under the following operations: 
(i) intersection if nonempty, (ii) arbitrary union. In addition, the inter- 
section of a finite number of ideals is an ideal. 


Proof. Exercise. 


We have seen above that the subsemigroup generated by a set can be 
equivalently defined as the intersection of all subsemigroups containing 
that set. We now adopt this approach for ideals. 


1.3.6 DEFINITION. The intersection of all left ideals of a semi- 
group S containing a nonempty subset A of S is the /eft ideal generated 
by A. A left ideal generated by a one-element set {a} is the principal 
left ideal generated by a, and will be denoted by L(a). The corresponding 
definitions are valid for right ideals with notation R(a), and ‘two-sided 
ideals with notation J(a). 


1.3.7 LEMMA. For any element a of a semigroup S, we have 


L(a) =a U Sa, RG) =a U'as, J(a) = aU aS U Sa U SaS- 
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Proof. Exercise. 


1.3.8 DEFINITION. A semigroup S is left (right) simple if S is 
its only left (tight) ideal; S is simple if S is its only two-sided ideal. 


1.3.9 LEMMA. Let S be a semigroup. Then S is left simple if and 
only if Sa = S for all a € S; S is simple if and only if SaS = S for all 
aes. 


Proof. Exercise. 


Note that this lemma says that S is left simple if and only if for any 
a,b € S the equation xa = b has a solution in S, and that S is simple if 
and only if for any a,b € S the equation xay = b has a solution in S. 
It is useful to compare this with the definition of a group involving 
solvability of such equations. 


1.3.10 DEFINITION. The intersection of all ideals of a semigroup 
S, if nonempty, is the kernel of S. 


In view of the last statement in 3.5, every finite semigroup has a 
kernel. 


1.3.11 LEMMA. If J is a simple ideal of a semigroup S, then J is the 
kernel of S. 


Proof. If J is an ideal of S, then JM JD JJ and hence J / J is 
nonempty and is thus an ideal of S. But then 7 | J is also an 
ideal of J, which by simplicity of J implies that 7M J = J and 
thus J C J. 


1.4. Special Elements of a Semigroup 


A number of elements of a semigroup also have special properties 
relative to the multiplication and play an important role in the study of 
the subject. 
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1.4.1 DEFINITION. Let S be a semigroup and s an element of S. 
An element e of S is a /eft identity of s if es = s; a right identity of s if 
se = s; a two-sided identity of s if s = es = se. Furthermore e is a /eft 
(right) identity of S if it is a left (right) identity of every element of S; 
a two-sided identity (or simply an identity) if it is both a left and a right 
identity of S. 


1.4.2 LEMMA. A semigroup can have at most one identity. 
Proof. Exercise. 


To any semigroup S, with or without an identity, we can adjoin an 
identity by taking the set S U e, where e is some element not contained 
in S, with multiplication: s*e = e*s = sforalls € S U e, and leaving 
the multiplication among the elements of S unchanged. The following 
notation will turn out to be quite convenient. 


1.4.3 NOTATION. Let S be a semigroup. If S has an identity, 
set S! = S, and if S does not have an identity, let S! be the semigroup 
S with an identity adjoined, usually denoted by the symbol 1. 


For example, in this notation according to 3.7, L(a) = S!a, R(a) = 
aS!, J(a) = S'aS', 

A property of elements of a semigroup, in a certain sense opposite 
to that of being a left or a right identity, is provided by the following 
concept. 


1.4.4 DEFINITION. An element z of a semigroup S is a left zero 
of S if zs = z for all s € S; a right zero if sz = z for all s € S; a two- 
sided zero (or simply a zero) if it is both a left and a right zero. If z is a 
zero of S and ab = z where a,b € S are both nonzero, then both a and 
b are zero divisors. 


1.4.5 LEMMA. A semigroup can have at most one zero. 


Proof. Exercise. 


Note that z is a left zero of a semigroup S if and only if {z} is a right 
ideal of S. One may define “‘a left (right, two-sided) zero” of an element 
analogously as above for identities; however this notion seems to occur 
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somewhat less frequently. A zero can be adjoined to any semigroup S in 
a fashion analogous to that of adjoining an identity. Indeed, we let 0 
be any element not in S and define in SU0O a multiplication * by: 
x*0 = 0x =0 for all x €¢ SU 0 and the pairs of elements of S 
retain their former product. If S has a zero, set S° = S, otherwise let 
S° be the semigroup S with a zero adjoined (a slightly different meaning 
is attached to S° in Clifford and Preston [1]). We will usually denote 
the identity of a semigroup by one of the symbols 1, e, e, and the zero by 0. 


1.4.6 NOTATION. For sets A and B, let A\B = {a € Ala ¢ B} 
and let |A| be the cardinality of A. If S is a semigroup with zero 0, 
let S* = S\O with S* inheriting the structure of a partial operation 
defined for the pairs of elements whose product in S is nonzero. (Hence 
S* is a semigroup if and only if S has no zero divisors.) 


1.4.7 DEFINITION. A semigroup in which every element is a left 
(right) zero is a left (right) zero semigroup. A semigroup S with zero 
0 in which the product of any two elements equals 0 is a zero semigroup. 
A semigroup S with zero 0 is 0-simple if S* ~ 0 and S has no nonzero 
proper ideals. 


It is clear that any nonempty set S admits the structure of a left zero, 
a right zero, or a zero semigroup. For the first, we define ab = a and for 
the second ab = b for all a, b € S. For the third, we fix an element, 
denoted by 0, and let ab = 0 for all a, 6b © S. The last condition can 
also be written as S? = 0. These semigroups exhibit many extreme 
properties, and for many properties P, some variant of the statement 
‘“‘a semigroup S has property P if and only if S is a left (or a right) or a 
zero semigroup” holds. In a zero semigroup S, ideals of S evidently 
coincide with subsets of S containing the zero. Hence a semigroup 
with zero having no proper nonzero ideals is either 0-simple or has at 
most 2 elements. 


1.4.8 DEFINITION. Elements a and b of a semigroup S commute 
if ao = ba, Vie set 
e(S) = {a€ S|as =sa forall s€S} 


is the center of S. A semigroup S in which any two elements commute 
(i.e., C(S) = S) is commutative. 
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1.4.9 DEFINITION. An element a of a semigroup S is idempotent if 
a2 = a. An idempotent semigroup, or shorter a band, is a semigroup in 
which all elements are idempotent. A commutative band is a semilattice. 


1.4.10 DEFINITION. A subgroup G of a semigroup S is a sub- 
semigroup of S which is also a group. 


1.4.11 PROPOSITION. Let e be an idempotent of a semigroup S. 
Then 


G. = {a€ S|a = ea = ae, e = aa’ =a’a forsomea’ € S} 
= {a€ S|ac€ eS N Se, e € aS Nl Sa} 


is the greatest subgroup of S having e as its identity. 


Proof. It is clear that every subgroup of S having e as its identity 
is contained in the first set, and that the first set is contained in 
the second. A simple calculation shows that the first set is a sub- 
group of S having e as its identity. Let a be an element of the 
second set. Then a = ex = ye and e = az = wa for some 
x,y,z,w € S. The first equation shows that a = ea = ae. Further 
e = a(eze) = (ewe)a which implies 


eze = e(eze) = e(wa)ze = ew(az)e = ewe 
so that a is contained in the first set. 


1.4.12 DEFINITION. If S is a semigroup with identity e, then G, 
is the group of units of S, and its elements are the invertible elements of S. 


1.4.13 LEMMA. An element a of a semigroup S with identity is 
invertible if and only if aS = Sa = S. 


Proof. Exercise. 


A géneralization of the concepts of an idempotent element or semi- 
group is provided by the following notions. 


1.4.14 DEFINITION. An element a of a semigroup S is regular if 


a = axa for some x € S. A semigroup S is regular if every element of 
S is regular. 
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1.4.15 DEFINITION. Let a be an element of a semigroup S. An 
element x of S is an inverse of a if a = axa, x = xax. 


If in a semigroup we have a = axa, it is easy to verify that xax is an 
inverse of a. Hence every regular element has an inverse and conversely. 
For example, a group is a semigroup in which every element has a unique 
inverse. 


1.4.16 DEFINITION. The order of a semigroup S is the number of 
its elements if S is finite, otherwise S is of infinite order. A semigroup 
of order 1 is a trivial semigroup. The order of an element s of a semigroup 
S is the order of the cyclic subsemigroup of S generated by s. A semi- 
group all of whose elements are of finite order is periodic. 


1.5. Relations and Functions on a Semigroup 


We will discuss here a few special kinds of binary relations and func- 
tions occurring most frequently in the study of semigroups. 


1.5.1 DEFINITION. A binary relation p on a set A is a subset 
of the Cartesian product A X A. We will write a p 6 and say that a and 
b are p-related if (a,b) € p and will call p simply a relation. A relation 
p on A is 


reflexive if ap a, 

symmetric if a p b implies b p a, 
antisymmetric if a p b and b p a imply a = 3, 
transitive if ap b and bpc imply ape 


for all a,b,c € A. 


1.5.2 DEFINITION. A reflexive, symmetric, transitive relation p 
is an equivalence relation; its classes are p-classes and the p-class con- 
taining an element a will be denoted by ap. The relation p on A for which 
apb if and only if a = b is the equality relation on A and will be de- 
noted by ea; the relation p on A for which ap b for alla,b € A is the 
universal relation on A and will be denoted by wa. Both e4 and wa are 
equivalence relations; an equivalence relation on A is proper if it is 
different from ez. 
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1.5.3 DEFINITION. A reflexive, antisymmetric, transitive relation 
on a set P is a partial order; for it we often write a < b and say that 
(P,<), or simply P, is a partially ordered set. If B is a subset of a partially 
ordered set P, then an element a of P is an upper bound for B if b <a 
for all b € B; a lower bound is defined dually (in the context of partially 
ordered sets, “dually” means interchange < and >, upper and lower, 
etc.). Further, a is a greatest lower bound of B if a is a lower bound of 
B and an upper bound of the set of all lower bounds of B. A least upper 
bound is defined dually. A partially ordered set P in which any two 
elements have a greatest lower bound is a Jower semilattice; an upper 
semilattice is defined dually; if P is both an upper and a lower semilattice, 
it is called a lattice. A partial order < on a set P is /inear if for any 
a,b € P, either a < b or b < a; P is then said to be a chain. An element 
a of a partially ordered set P is the least element of P if a < p for all 
p € P, ais a minimal element of P if for any x © P, x < aimplies x = a; 
the greatest and a maximal element of P are defined dually. 


1.5.4 NOTATION. For any semigroup S, let Es denote the set of 
all idempotents of S together with the binary relation defined by 


e<f if(and only if) e=ef = fe 


1.5.5 LEMMA. For any semigroup S, Es is a partially ordered set. 
Proof. Exercise. 


So far we have encountered both a lower (and upper) semilattice as 
a special kind of partially ordered set, and a semilattice as a commutative 
idempotent semigroup. From this terminology we might reasonably 
expect a certain relationship among these notions. 


1.5.6 PROPOSITION. Let S be a semilattice. Then Es (equal to S 
as a set) is a lower semilattice with the greatest lower bound of {a,b} equal 
to ab. Conversely, if T is a lower semilattice, then defining a multi- 
plication on T by a* b = greatest lower bound of {a,b}, T ‘becomes a 
semilattice. 


Proof. Exercise. 


In light of this proposition, there is very often no need for distinguish- 
ing between a lower semilattice (a partially ordered set) and a semi- 
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lattice (a semigroup). A usual example of such a semigroup is a linearly 
ordered set with multiplication defined by a* b = min {a,b}, or using 
the opposite order, a*b = max {a,b}. For the linearly ordered set, 
we may take, for example, the (positive, or nonnegative) integers or 
rationals or reals under the usual order. 


1.5.7 DEFINITION. An equivalence relation p on a semigroup S is 
a left congruence if for all a,b,c € S, ap b implies ca p cb, a right con- 
gruence if ap b implies ac p bc; p is a congruence if it is both a left anda 
right congruence. A proper (left or right) congruence is a (left or right) 
congruence which is proper as an equivalence relation. 


1.5.8 LEMMA. An equivalence relation p on a semigroup S is a 
congruence if and only if for all a,b,c,d © S,apbandc p dimply ac p bd. 


Proof. Exercise. 


In view of this lemma, we are able to introduce the following concept. 


1.5.9 DEFINITION. Let p be a congruence on a semigroup S. Then 
the set S/p of all p-classes with the multiplication (ap)(bp) = (ab)p is 
the quotient semigroup relative to the congruence p. 


The set of all binary relations on a set A inherits the Boolean opera- 
tions of intersection, union, etc. as the set of subsets of A X A. It is 
clear that the intersection of any set of congruences is again a congruence. 
We thus may introduce the following concept. 


1.5.10 DEFINITION. The intersection of all congruences on a 
semigroup S containing a binary relation p on S is the congruence gener- 
ated by p. 


There are further a number of special kinds of functions on a semi- 
group which, like the left or right congruences, are in a certain way 
connected with the multiplication. 


1.5.11 DEFINITION. Let S and T be semigroups. A function ¢ 
mapping S into T is a homomorphism of S into T if for all a,b € S, we 
have (ay\(by) = (ab)e. If ¢ is one-to-one, then ¢ is an isomorphism or 
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embedding of S into T, and S is said to be embeddable in T. If there is a 
homomorphism of S onto T, T is a homomorphic image of S; further, 
S and T are isomorphic if there is an isomorphism of S onto T; if so, we 
write S&T. A homomorphism of S into itself is an endomorphism; 
a one-to-one endomorphism of S onto itself is an automorphism. 


1.5.12 LEMMA. If ¢ is a homomorphism of a semigroup S into a 
semigroup 7, then the relation p on S defined by ap b if and only if 
ag = bg, is a congruence on S, and S/p = Sy. Conversely, if p is a 
congruence on S, then the mapping a— ap is a homomorphism of S 
onto S/p. 


Proof. Exercise. 


1.5.13 DEFINITION. For a given homomorphism ¢ the congruence 
p defined in 5.12 is the congruence induced by y. For a given congruence 
p, the mapping a— ap is the natural homomorphism of S onto S/p. 


1.5.14 LEMMA. Let p be a congruence on a semigroup S. For every 

congruence y on S containing p, define a binary relation y’ on S/p by 
xpy'yp if xvy (x,y € S). 

Then the mapping y — y’ is a one-to-one order preserving mapping of 


the set of all congruences on S containing p onto the set of all congruences 
on S/p. 


Proof. Exercise. 


[I.5.15 NOTATION. For a nonempty set X, the notation 
g: xX (x € X) 


means that ¢ is a function which maps x onto X for every x € X. The 
identity function on X is denoted by cy and is written either on the left 
or the right, i.e., yx = xcy = x for all x € X.If ¢ isa function of a set A 
into a set B we write ¢ : A — B, and if C is a nonempty subset of B, then 


Ce! = {a € Alag € C}. 
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If C = {c}, we write cg! instead of {c}y-!. Except for the functions 
a and b in V.3 and ¢ in V.6, all functions are denoted by lower case 
Greek letters and are written on the left or the right of the argument. 

If o is a function or a relation on a set A, and B is a nonempty subset 
of A, then o|, denotes the restriction of to B, i.e., alps anll BX B. 
If X is a nonempty set, ®(X) denotes the partially ordered set of all 
nonempty subsets of X under inclusion. The empty set is denoted by @. 

The dual of an expression involving either concepts or products of 
elements of a semigroup is the expression obtained by interchanging 
the adjectives “‘left’” and “right” and replacing each product ab by ba. 
If a statement A implies a statement B, then the dual of A clearly implies 
the dual of B. Dual statements will be omitted, but if C stands for the 
dual of B, we will mention sometimes that “‘dually C holds.” 


1.6. Examples 


We will discuss only a sample of the most frequently occurring ex- 
amples of semigroups. 


1.6.1 REAL NUMBERS. Here we have the semigroups of positive 
(or nonnegative) integers under either addition or multiplication, posi- 
tive (or nonnegative) rationals (or reals) under addition, etc. Further- 
more, a different operation can be given to certain sets of real numbers, 
e.g., the set of positive integers with any of the operations 


a*b = min {a,b}, max {a,b}, g.c.d.{a,b}, l.c.m.{a,b}. 


1.6.2 TRANSFORMATIONS. A transformation on a set X is a 
function mapping X into itself. The set 3(X) of all transformations on X 
written on the left of the argument is a semigroup under the composition 
of functions (a8)x = a(8x) for all x € X; the same set with functions 
written on the right of the argument with the composition of functions 
x(aB) = (xa)B for all x € X is a semigroup denoted by 3’(X). For ex- 
ample, the set 3o(X) of all constants is a left zero semigroup and an ideal 
of 5(X). Further ideals of 5(X) are obtained by taking all transformations 
on X which map X into a subset of X of cardinality less than a fixed 
nonzero cardinal number. If X is endowed with some structure, e.g., 
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of a group, a ring, a vector space, etc., we may consider subsemigroups 
of all endomorphisms of X relative to this structure. In the case of a 
vector space, linear transformations of rank less than a fixed nonzero 
cardinal number provide examples of ideals of the semigroup of all 
linear transformations on the vector space. 


1.6.3 FREE SEMIGROUPS. Let X be a nonempty set. A nonempty 
finite sequence a), a2, . . . , An, usually written by juxtaposition, a1a2.. . Qn, 
of elements of X is called a word over the alphabet X. The set X of all 
words with the operation of juxtaposition 


(a\a2 eee Am)(b1b2 eee bn) = 4102...QAm bi b2 shee bn 


is a semigroup called the free semigroup on the set X. 

Let 8 be the intersection of all congruences p on X for which x? p x 
for all x € X. Then the quotient semigroup X/§ is the free band on the 
set XY. One defines the free commutative semigroup by using congruences 
p for which xy p yx for all x,y € X; the free semilattice, by using con- 
gruences p for which both x2» x and xypyx for all x,y € X. These 
semigroups indeed form a band, a commutative semigroup, and a semi- 
lattice, respectively, because the sets of these congruences are closed 
under intersection. The adjective “‘free’’ is associated with a property of 
universality which will not be discussed here. 


1.6.4 MULTIPLICATIVE SEMIGROUP OF A RING. In view 
of the strongly developed theory of rings, this is a source of numerous 
examples of semigroups; e.g., semigroups of linear transformations on a 
vector space, mentioned in 6.2, and more generally, semigroups of 
endomorphisms of modules over arbitrary or restricted classes of rings. 
Further examples include the multiplicative semigroups of residue class 
rings of integers and various semigroups of matrices. 


1.7. Exercises 


1. Show that every infinite cyclic semigroup is isomorphic to the 
semigroup of positive integers under addition. 


1.7. 
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Give an example of a semigroup which does not have a finite 
generating set, and an example of a semigroup with a finite gener- 
ating set but which is not cyclic. 


Show that a subsemigroup of a cyclic semigroup need not be cyclic. 


Find all ideals of and all congruences on the semigroup S defined 
on positive integers with the operation x * y = max {x,y}. 


On the set T of all nonempty subsets of a semigroup S define a 
multiplication by A * B = AB. Then T is a semigroup called the 
power semigroup of S. Find properties of semigroups which are 
preserved and properties which are not preserved by the passage 
from a semigroup to its power semigroup. 


Show that a semigroup S is a group if and only if S is both left 
and right simple. Give an example of a left simple semigroup which 
is not a group. 


Show that the left ideal generated by a nonempty subset A of a 
semigroup S equals A U SA = S!A4 and that the ideal generated by 
A equals A U SA U AS U SAS = S'AS'. 


For a finite cyclic semigroup S generated by a, let m be the smallest 
positive integer for which a” = a" for some n < m. Prove that 
{an,a"*1,..., a™—!} is the unique maximal subgroup of S. What is 
the kernel of S? Deduce that Sis a group if and only if n = 1. Also 
deduce that every finite semigroup contains an idempotent. (Hint: 
For the first statement consider the element a4 where r = m — an, 
n<d<m-— 1, andr and dare relatively prime.) 


Cera ee ee ey Ole, BU = 4 OL Xj, with <the 
operation 


Spa ee eae 
**Y = )max {x,y} otherwise. 
Show that S is a semigroup and find all of its principal ideals. Does 
S have a kernel? What are the orders of elements of S? 


Find all left and all right ideals of a (i) zero semigroup, (ii) left 
zero semigroup. 
Let S be the set of all 2 X 2 matrices with one row of zeros and the 


other row with coefficients in the interval [— 1,1]. Show that S is a 
semigroup under multiplication and find all of its idempotents. 
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Let S be a nonempty set and 0 be a fixed element of S. On S define 
an operation by: 

xe ey, 
~ |0 otherwise. 


> 


x*y 


Show that S is a semigroup (called a Kronecker semigroup) and find 
all of its idempotents and ideals. 
Let S = {1,2,3,...} U {1’,2’,3’,...} with the operation 


xy = x'*y’ = max {x,y}, Mey aX ey = { ax {x,y})', 


Show that S is a semigroup and find all of its idempotents and prin- 
cipal ideals. Does S have a kernel? 


Prove that the following conditions on a semigroup S are equivalent. 
i) For every a€ S there exists a unique x € S such that 
ax € Es. 
ii) For every a € S there exists a unique x € S such that a = 
axa. 


iil) Sis a regular semigroup containing exactly one idempotent. 
iv) Sis a group. 
(Hint: Prove the implications in circular order.) 


Show that every finite semigroup is periodic and that the converse 
does not hold. 


Show that in the following semigroups every equivalence relation 
is a congruence: (i) zero semigroups; (ii) semilattices of order 2; 
(iii) left zero semigroups; (iv) right zero semigroups. 


Prove that a semigroup with zero in which every equivalence re- 
lation is a congruence is either of type (i) or (ii) in the preceding 
exercise. 


Find the semigroup of endomorphisms of an infinite cyclic semi- 
group. 


Show that the set of all congruences on a semigroup S containing 
a fixed congruence on S is a lattice under inclusion. ° 


In the semigroup 3(X), characterize all elements a with the property 
ai(X) = 3(X), and those satisfying (X)a = 5(X). 


Find all idempotents and the respective maximal subgroups of 
3(X). Does SX) have left zeros, right zeros, a kernel? Determine 
the partial order in Ex,x). Prove that 3(X) is a regular semigroup. 


1.7. EXERCISES 19 


22. Give an example of a semigroup of transformations without 
idempotents. 


23. Find the order of elements of a free semigroup S on a set. Does S 
have a kernel? 


24. Give an example of a 0-simple semigroup. (Hint: Consider semi- 
groups of n X n matrices over a field.) 


25.* Prove that every semigroup is isomorphic to a subsemigroup of 
the multiplicative semigroup of some ring. Give an example of a 
semigroup which is not isomorphic to the multiplicative semigroup 
of any ring. 


26. What is the group of units, the set of zero divisors and the kernel 
of the semigroup of all » X n matrices over a field? 


1.8. REFERENCES _ The general references on the theory of 
“algebraic” or “abstract” semigroups are Ljapin’s book [2] and the 
two volumes of Clifford and Preston [1]. The book of SuSkevié [2] is 
mainly of historical importance and is practically not available. Rédei’s 
book [1] is of interest in the special topic it considers and is available 
both in German and in English. The little book of Papy [1] is intended 
as an introduction to “groupoids,” actually semigroups, for high school 
students and has a very colorful character. 

Several books contain a more or less extensive discussion of semi- 
groups. Bruck’s book [1] gives a review of binary systems and includes 
a survey of a part of semigroup theory (Chapter 2). Dubreil’s text [2] 
contains an extensive discussion of what is sometimes referred to as the 
“French school of semigroups” (Chapter 5). The collection of problems 
[1] of Ljapin, AizenStat and Lesohin contains many elementary problems 
on semigroups, particularly on semigroups of transformations (Chapters 
1, 2, 3). Chevalley’s monograph [1] contains a discussion of monoids 
(semigroups with an identity) (Chapter 1). Rosenfeld’s textbook [1] 
includes a discussion of semigroups in general (Chapter 6). A. Ginsburg’s 
book [1] has an introductory discussion of semigroups to be used in 
automata theory (Chapters 1, 7). 

The books of Birkhoff [1] (Chapter 14), Dubreil-Jacotin, Lesieur 
and Croisot [1] (Part Il) and Fuchs [1] (Part III) contain an extensive 
study of ordered semigroups. The principal references for topological 
semigroups are the monographs of Paalman-de Miranda [I] and Hof- 


mann and Mostert [1]. 
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Several lecture notes are devoted either fully or in part to the theory 
of semigroups. Kapp and Schneider [1] consists of a detailed discussion 
of the congruences on a completely 0-simple semigroup. Krohn, Rhodes 
and Tilson [1] in two volumes is a pioneering study of finite semigroups 
and is mainly designed as an introduction to automata theory (a large 
part of these notes appeared in Arbib [1]). The author’s notes [9] cover 
many topics in the theory of abstract and transformation semigroups, 
with a large overlapping with this book; the notes [15] deal with the 
semigroups of linear transformations on a vector space. Schein [5] 
covers a topic of the theory of transformation semigroups. 

A number of collections of articles dealing mainly or entirely with 
the subject of semigroups have appeared. In the English language 
there are collections of papers edited by Sait6 [1], Arbib [1] and Folley 
[1]; in Russian by Vagner [1]. Furthermore there exists a profusion of 
reports on general algebra or the semigroup theory at all-union or 
regional conferences in the Soviet Union containing a great number of 
research announcements without proofs, e.g., the conferences in Tartu 
1966, Riga 1967 etc. 

A few review articles can be helpful in gaining a global picture of 
certain topics in semigroups as well as obtaining a complete list of the 
literature on the subject. In first place are two articles of Gluskin [6], 
[7] and an article of Gluskin, Schein and Sevrin [1] which appeared in 
Itogi Nauki and briefly cover all articles which were reviewed in the 
Referativnit Zurnal in the years 1960-1966. Williamson’s article [1] 
covers many topics in the harmonic analysis on semigroups, the author’s 
[16] discusses in detail ideal extensions of semigroups and briefly touches 
upon extensions of rings and partially ordered sets in a more or less 
unified way. 

Several tables of semigroups are available. In chronological order 
they are: Tamura [1] up to order 4 computed by hand, Forsyth [1] of 
order 4 using a computer, Tamura ef al. [1] up to order 5 computed by 
hand, Selfridge [1] of order 5, Plemmons [1] up to order 6, the last two 
using a computer. These tables are particularly useful in searching for 
a (small) counterexample or verifying a conjecture on semigroups of 
small order, which essentially amounts to the same thing. 

The last but certainly not the least, the Semigroup Forum, a journal 
published by the Springer Verlag and entirely devoted to questions in 
the theory of semigroups — algebraic, topological, ordered etc. — 
publishes many survey articles, research announcements, brief notes, 
problems and bibliographical information, of definite interest to anyone 
concerned with this subject. 


II 


Semilattice Decompositions 


The point of view adopted throughout this book is that we can study 
the structure of a relatively complex semigroup by first decomposing 
it into a collection of subsemigroups each of which has somewhat 
simpler structure and, conversely, composing a complicated and ‘“‘bigger”’ 
semigroup from simpler ones. The decomposition and composition in 
question are of a very special kind; viz., the greatest semilattice de- 
composition and a semilattice composition, respectively. These have 
proved the most fruitful among various decompositions and composi- 
tions. In this chapter we will study only such decompositions, in 
considerable detail. This leads, on the one hand, to the study of 
subdirect products, completely prime ideals, filters and related subjects, 
and on the other, to the consideration of various classes of semigroups 
having some special properties with respect to their greatest semilattice 
decompositions. 


II.1. Subdirect Products 


This section is mainly of universal-algebraic character, and provides 
the frame work for the treatment of semilattice decompositions of a 
semigroup. Specifically, after the needed definitions have been set, we 
prove a few basic theorems concerning subdirect products and their 
connection with congruences on a semigroup. A prominent role is 
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played here by the notions of subdirect irreducibility, C-congruences on a 
semigroup (i.e., congruences p relative to which S/p belongs to a certain 
class © of semigroups), C-decompositions and the greatest ones among 
these. These concepts and their properties represent a minimum needed 
for the next section of this chapter and the material in IV.5. 


II.1.1 DEFINITION. Let {S.}aca be a nonempty family of semi- 
groups. The semigroup S defined on the Cartesian product of the sets 
S, with coordinatewise multiplication, i.e., (xaYa) = (XaVa), is the 
direct product of the semigroups {S.}aca and is denoted by S= 
Il,c¢A Sx. Any semigroup isomorphic to S is also called the direct prod- 
uct of the semigroups {S.z}aca. 

For convenience we will tacitly assume that no S, is trivial. For 
B € A, the function 2g:S — Sg defined by (xa)as = xg for all (x2) € S 
is the projection homomorphism of S onto the B-component Sz. 

The direct product is a very restrictive construction in the sense that a 
semigroup rarely can be represented as a direct product of sufficiently 
simple semigroups. This situation is sometimes remedied by introducing 
the following generalization. 


1.1.2 DEFINITION. A semigroup S is a subdirect product of semi- 
groups {S.}aca if S is isomorphic to a subsemigroup T of Ie¢4S2 which 
has the property that 77, = S,. for all a © A. We may assume that 
no S, is trivial and identify S with T. A nontrivial semigroup S is sub- 
directly irreducible if it has the property: When S is a subdirect product 
of semigroups {S.}ac4, then for at least one 8 € A, xs maps S onto 
Sg isomorphically. 


We should point out at this stage that the description of a semigroup 
as a subdirect product of certain semigroups is vague; indeed, there 
may be a great many subdirect products of the same family of semi- 
groups and these may be very difficult to find. 


1.1.3 DEFINITION. A congruence o on a semigroup S separates 
the elements x and y of S if x and y are contained in different o-classes. 
A family 2 of congruences on S separates elements of S if for every pair 
x and y of distinct elements of S, there exists o € = which separates x 
aia jy: 

It is clear that 2 separates elements of S if and only if N.¢zo = «s. 
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11.1.4 PROPOSITION. If a semigroup S is a subdirect product of 
semigroups {Sa}ac4, then the set of congruences {ca}aca on S induced 
by the different +, separates elements of S. Conversely, if {Oateed is 
a family of congruences on S, all different from the universal relation, 
which separates elements of S, then S is a subdirect product of the 
semigroups {S/ca}aca- 


Proof. Let S, S. and oq be as in the first part of the proposition. 
If x,y € S, x ¥ y, then writing x = (x2); y = (ya), there exists 
B € A such that xs ~ yg. But then x og y does not hold. Hence 
the family of congruences {c.}.<4 separates elements of SS. 
Conversely, let {ca}aca be a family of congruences on S such 
that N.¢4ca = es. Define a function 9:$ > Tac 4S/oa by: 


9.x > (Xa) (x € S),) 


It is easy to verify that y is a homomorphism and that Spr, = 
S/o for every a € A. If x and y are distinct elements of S, then 
by hypothesis og exists such that x og y does not hold, so that 
Xog ~ yog. But then xy ¥ yg, which proves that ¢ is one-to-one. 
Thus S is a subdirect product of the semigroups {S/caheca. 


1.1.5 COROLLARY. The following conditions on a nontrivial 
semigroup S are equivalent. 
i) Sis subdirectly irreducible. 
ii) The intersection of any set of proper congruences on S is a 
proper congruence on S. 
ili) S has a least proper congruence. 


Proof. Exercise. 


IJ.1.6 COROLLARY. A semigroup S is a subdirect product of 
semigroups {S.}<¢4 if and only if for every a € A there is a homomorph- 
ism of S onto S, and the family of induced congruences separates ele- 
ments of S. 


Proof. Exercise. 


11.1.7 COROLLARY. If S is a subdirect product of semigroups 
{Sa}aea and for each a € A, S, is a subdirect product of semigroups 
{Sup }sc4,» then S is a subdirect product of semigroups Sag. 
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Proof. Exercise. 


Thus we can say, roughly, that the property of being a subdirect 
product is transitive. The next theorem is a specialized version of a 
theorem valid for universal algebras; the proof for universal algebras 
is essentially the same. 


11.1.8 THEOREM. Every semigroup is a subdirect product of sub- 
directly irreducible semigroups. 


Proof. Let S be a semigroup. For every pair x,y of different ele- 
ments of S, let M(x,y) denote the set of all congruences on S$ 
which separate x and y. Then es € M(x,y)so that M(x,y) ¥ ©. 

We fix a pair x,y¢ S with x ¥ y, and wish to show that the 
partially ordered set (under inclusion) M(x,y) has a maximal ele- 
ment. By Zorn’s lemma it suffices to show that every chain in 
M(x,y) has an upper bound. Hence let T be a chain in M(x,y) 
and define a relation 7 on S by: zz wif there exists ¢ € T such 
that zo w. Then 7 is evidently reflexive and symmetric; if zr w 
and w7v,then zo wand w o’ u for somea,o’ € T. Ifo Co’, then 
also zo’ wand hence z o’ uw so that z7 u; the case o’ Coa is sym- 
metric. Thus 7 is transitive and is an equivalence relation. If 
zz w, then zo w for some o € I, so that zv a wu for every v € S, 
and we have that zv 7 wv; similarly vz r vw. Thus 7 is a congru- 
ence. Also r separates x and y since each o separates x and y. 
Consequently, 7 € M(x,y) and is evidently an upper bound of Lr. 

For every pair x,y of different elements of S, choose a maxi- 
mal congruence o(x,y) separating x and y. Then the family of 
congruences o(x,y) separates elements of S, and hence by 1.4, S 
is a subdirect product of the semigroups S/o(x,y). 

According to and in the notation of I.5.14, the intersection y 
of all congruences on S properly containing o(x,y) corresponds 
to the intersection y’ of all proper congruences on S/o(x,y). By 
the maximality of (x,y), y does not separate x and y, which 
implies that y # o(x,y). But then y’ # es/ex,», which proves 
that S/o(x,y) is subdirectly irreducible by 1.5. 


Note that if a semigroup S is a subdirect product of semigroups 
{Sa}ae4, then each S, is a homomorphic image of S. Hence 1.8 remains 
valid if in it we substitute “the class of all semigroups” by any class of 
semigroups closed under taking homomorphic images. For example, it 
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follows that every (idempotent, commutative, or both) semigroup 
is a subdirect product of subdirectly irreducible (idempotent, commuta- 
tive, or both) semigroups. For it is clear that the classes of all (idem- 
potent, commutative, or both) semigroups are closed under taking 
homomorphic images. One usually requires that a class of semigroups 
not only be closed under taking homomorphic images, but also under 
taking subsemigroups and direct products; e.g., the classes of all semi- 
groups, or of all bands, or of all semilattices have this property. To 
insure this, one usually introduces the following universal algebraic 
concept. 


11.1.9 DEFINITION. A class © is equationally defined, or is a 
variety, if there exists a set E of equations such that a semigroup S is in 
C if and only if S satisfies all of the equations in E identically. 


The last phrase means that for every substitution of variables in 
an equation by elements of the semigroup, the resulting elements on each 
side of the equation are equal. 

For example, for E = {x = x}, we get the class of all semigroups; 
for E = {xy = yx}, the class of all commutative semigroups; for 
E = {x? = x, xy = yx}, the class of all semilattices, etc. It is evident 
that a variety is closed under taking of homomorphic images, subsemi- 
groups, and direct products. 


I].1.10 DEFINITION. If © is any class of semigroups, S is a semi- 
group and o is a congruence on S, then a is a @-congruence if S/o € @. 
If © is the class of all semilattices, C-congruences are called semilattice 
congruences; one defines analogously band congruences, left zero con- 
gruences, etc. 


For example, a congruence o on a semigroup S is a semilattice con- 
gruence if and only if for all x,y € S, xy o yx, x? o x. Similar expressions 
hold for other congruences. 


I].1.11 THEOREM. Let © be a variety of semigroups, D the class 
of all subdirectly irreducible semigroups in C, S any semigroup. Then a 
congruence o on S, different from the universal congruence, is a C- 
congruence if and only if o is the intersection of D-congruences. 


Proof. Necessity. Let o be a @-congruence on S different from 
the universal congruence, and let g:S > T = S/o be the natu- 
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ral homomorphism. Then T €@ and is nontrivial. According 
to 1.8, T is a subdirect product of semigroups {S.}ac4 where 
each S, is in ©. By 1.6, for every a € A, there is an onto homo- 
morphism ¢,:7 —S,. Consequently, for every a € A, ¢¢e 
maps S homomorphically onto S,; let o, be the induced con- 
gruence. If x o y, then xg = yg so for every a € A, we have 
XOGa = VES and thus xo. y. Consequently x M,¢4o, y and 
thus o C N,c4 0, Conversely if x Nac4o, y, then for every 
a € A we have x aq y, whence also (x¢)~a = (V¢)¢a. Since T is 
a subdirect product of semigroups S., by 1.6 the family of con- 
gruences on T induced by the homomorphisms ¢,, separates 
elements of T, which implies that xp = yy. But then x o y, and 
hence NM .c4o, Go. Therefore ¢ = NM eyo, where each o, is a 
D-congruence. 


Sufficiency. Let ¢ = Macaca Where each o, is a D-congruence. 
Let ¢:S — T = S/o be the natural homomorphism, and in 7, 
for every a € A, define a relation 7, by: xg Ta yy if x og y. Then 
each 7, is a congruence on JT and the family of congruences 
{Talacd Separates elements of Tso that T is a subdirect product 
of semigroups 7/7, and T/T. = S/o. Thus T is a subdirect prod- 
uct of semigroups in 0. If E is a set of equations defining the 
class @, then every equation in E holds identically in each T/r,. 
and thus also in 7, which proves that o is a C-congruence. 


L122 COROLLARY: With © and © as in 1.11, and S a non- 
trivial semigroup, we have S € @ if and only if the family of ®-con- 
gruences on S separates elements of S. 


Let @ and © be as in 1.11. The main use of 1.11 is that we obtain all 
@-congruences by taking arbitrary intersections of different families of 
‘-congruences. This can be done effectively only when we are able to 
construct all ®-congruences, which in turn requires the knowledge of 
the class . It turns out that for several classes © of semigroups (or other 
algebraic systems), the corresponding class © is very small (for example, 
consists (up to isomorphism) of very few elements), or is infinite but 
can be explicitly given. If © is known, one can sometimes construct all 
‘D-congruences, whose arbitrary intersections then give all @-congruences. 
We will do this for the class of all semilattices. In particular, the inter- 
section w of all C-congruences (or, what is the same, the intersection of 
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all D-congruences) on a semigroup S is the /east C-congruence on S; 
u has the following universal property: The diagram 


v7 
S—_——> T 
7 
vy ae 
a 
S/p 


can be uniquely completed to a commutative diagram whenever ¢ is a 
homomorphism of S onto a semigroup 7 in @ (here y is the natural 
homomorphism); also » = eg if and only if S € @. 


1.1.13 DEFINITION. The partition of a semigroup S induced by a 
@-congruence is a @-decomposition of S. The partition of S induced 
by the least C-congruence is the greatest C-decomposition of S; and the 
corresponding quotient semigroup, the greatest C-homomorphic image 
of S. 


This terminology may seem confusing, but if one observes that the 
partially ordered set of congruences is ordered by inclusion of binary 
relations, while a decomposition is “‘greater,” i.e., has a “greater” 
number of classes when the corresponding congruence is “smaller,” 
this terminology should cause no difficulties. A @-decomposition can 
be defined for any class © of semigroups, but we will be interested here 
only in varieties (otherwise the greatest C-decomposition need not exist), 
in particular when @ is the class of semilattices. The property of S/u 
relative to being “‘greatest’”’ can be interpreted conveniently using the 
diagram above, for one shows easily that any C-homomorphic image of 
S is a homomorphic image of S/u. 

The concept in the following definition will be used extensively. 


I].1.14 DEFINITION. A semigroup S is a semilattice of semigroups 
belonging to a class © if there exists a semilattice congruence o on S all 
of whose classes belong to @. The concepts: a band or a left zero semi- 
group of semigroups belonging to ©, are defined analogously. 


The class @ is usually taken to be quite restricted, e.g., the class of 
groups, the class of simple semigroups, etc. 
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1.1.15. Exercises 


1. Give an example of a semigroup which has a minimal but no least 
proper congruence. 


2. Show that the two systems of equations E = {x = xyx} and 
E' = {x2 = x, xy = xzy} define the same variety of semigroups. 


3. Prove that a group G is subdirectly irreducible if and only if G has 
a nontrivial normal subgroup contained in every nontrivial normal 
subgroup of G. Give examples of such groups. 


4.* Find all subdirectly irreducible cyclic semigroups. (Hint: See 1.7.8 
and show that an infinite cyclic semigroup is a subdirect product 
of finite cyclic semigroups.) 


5. Leto and7 be congruences on a semigroup S, and define a mapping 
x:8 — (so,s7). Show that x is a homomorphism mapping S onto 
a subdirect product of S/o and S/7. Find necessary and sufficient 
conditions on o and 7 in order for x to be (i) one-to-one, (ii) onto 
S/o X S/r, (ili) both. 


6.* Let S be a semigroup and R be a nontrivial right zero semigroup. 
Prove that S X R is the only subdirect product of S and R con- 
tained in S X R if and only if S is left simple. 


I1.1.16 REFERENCES: Schein [1], [4], Tamura [11], Tamura 
and Kimura [2], Thierrin [6], Yamada [4]. 


11.2. Completely Prime Ideals and Filters 


We now approach the main subject of this chapter, the characterization 
of semilattice congruences by means of completely prime ideals. We will 
follow the procedure outlined in the preceding section, i.e., we will 
first find all subdirectly irreducible semilattices, then construct all con- 
gruences induced by homomorphisms onto these, and finally take 
arbitrary intersections of the congruences constructed. 


11.2.1 PROPOSITION. The two-element chain is, up to isomorph- 
ism, the only subdirectly irreducible semilattice. 
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Proof. Let S be a semilattice. For every a € S, let og be the re- 
lation on S defined by 


Xoay ifeither xy>a or xy Za. 


Then og is a congruence on S having at most two classes. It then 
follows that o, = es for some a € Sif and only if |S| < 2. Fur- 
ther, Macs oq = €s Since ¢, = oy implies that a = b. If |S| > 2, 
then for all a € S, oa is a proper congruence, so that 1.5 implies 
that S is subdirectly reducible. 


11.2.2 DEFINITION. An ideal J of a semigroup S is completely 
prime if for any a,b € S, ab € J implies that either a € J or DE I. 


Note that an ideal J of S is completely prime if and only if S\J is 
either a subsemigroup of S or is empty. (The concept of a prime ideal 
will be defined at the beginning of the next section.) 


IJ.2.3 PROPOSITION. Let Y = {0,1} be the two-element chain of 
integers O and 1. Then a function g mapping a semigroup S onto Y is a 
homomorphism if and only if Og! is a completely prime ideal of S. 


Proof. Exercise. 


Combining these two propositions with the results of the preceding 
section, we see that every semilattice congruence on a semigroup S is 
the intersection of congruences a; where J is a completely prime ideal 
and for all x,y € S,xo,yifand only if x,y € Jorx,y ¢ I. 


IJ.2.4 NOTATION. Let S be a semigroup. Let Js be the set of all 
proper completely prime ideals of S together with the empty set, and let 
@(Js) be the set of all nonempty subsets of Js partially ordered under 
inclusion. Also let 8s denote the partially ordered set of all semilattice 
congruences on S. (Note that &s # @ and that congruences are ordered 
as binary relations, i.e., as subsets of S X S under inclusion.) For 
@ € (Gs), let og be the binary relation on S defined by x og y if for every 
I € @, either x,y € Jor x,y ¢ I. 


The next theorem is of basic importance for a large part of this chapter. 


11.2.5 THEOREM. The function ¢:@— og maps @(Js) onto &s 
and is inclusion inverting. 
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Proof. In view of the above discussion, it suffices to remark that 
for @ € @(Ss), we have og = Nycq o;, and that @ C B with 
@,8 € PGs) implies N;ce@ o,C Nyce o, SO that ¢ is inclusion 
inverting. 


The inclusion of @ in gs and the exclusion of S is needed in order to 
obtain an inclusion inverting function. The next corollary sets the nota- 
tion to be used throughout this book. 


11.2.6 COROLLARY. The congruence 3 = oss is the least semi- 
lattice congruence on S; hence Ys = S/2 is the greatest semilattice 
homomorphic image of S, and the set of S-classes of S constitutes the 
greatest semilattice decomposition of S. 


We will next characterize the 9(-classes more precisely. The following 
concept will come in handy. 


IJ.2.7 DEFINITION. A subsemigroup F of a semigroup S is a 
filter of S if for all x,y € S, xy € F implies x,y € F. 


It is easy to verify that a nonempty subset F of S is a filter if and only 
if S\F is either empty or is a completely prime ideal. Thus the filters of 
S are precisely the complements of elements of gs. Also, the nonempty 
intersection of filters is easily seen to be a filter. Hence, for every x € S, 
the intersection of all filters containing x is again a filter, and thus the 
least filter containing x. 


11.2.8 NOTATION. For any element x of a semigroup S, let 
N(x) denote the /east filter of S containing x, and let 


Nx = {y € S| N@) = NO)}. 


11.2.9 PROPOSITION. Let S be a semigroup. For any x € S, Nx 
is the 9-class of S containing x. The elements of Ys are precisely the 
different sets Vx. The multiplication in Ys is given by NxNy = Nxy and 
has the properties Nx» = Nyx, Nx? = Nx for all x,y € S. 


Proof. The first statement follows easily from the above remarks, 
the second is obvious, the third follows from the fact that 9U is a 
congruence and the fourth is valid since Ys is a semilattice. 


Recall 1.3.6 and 1.3.7 
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II.2.10 PROPOSITION. Let x be an element of a semigroup S. Let 
Ni(x) be the semigroup generated by x. Supposing that N,(x) has been 
defined for n > 1, let Nnyi(x) be the semigroup generated by all ele- 
ments y of S for which N,(x) N J(y) ~ @. Then Mx) = U?_1N,(x). 


Proof. Let T = Un iN,(x). Clearly Ni(x) C Nayi(x) for n = 
1,2,.... Since each N,(x) iS a semigroup, T is also a semigroup. 
Moreover, if yz & T, then yz € N,(x) N J(y) N J(z) for some 
n and thus y,z € Nnyi(x) C T. Hence T is a filter and also x € 
Ni(x) C T. If Fis any filter of S containing x, then by induction, 
we see that each N,(x) is contained in F by the definition of a 
filter? Hence T= N(x). 


The next theorem concerns the structure of an 9t-class. 


I1.2.11 THEOREM. If J is an ideal of an X-class of a semigroup, 
then J has no proper completely prime ideals. 


Proof. Let S be any semigroup, z be an element of S and J be an 
ideal of N-. It suffices to show that J, itself, is the only filter of J. 
Hence let F be a filter of J, a be an element of F, and let 


T= {x€S|a@xe€ F}. 


We show next that 7 is a filter of S. 

Let x,y € T; then a2y © F, which together with the inclusions 
Paeite IN sinplics’ Now = Nat, = Nz. Hence ya € N, and 
thus ya? € J. Further, a*(ya?) = (a*y)a? € F so that ya? € F. 
Similarly, a2x € F implies ax € N-, which in turn yields axy € 
Ne since Wes, = NozNay = Nz. Consequently a*xy € J; ‘on 
the other hand, a?x,ya2 € F implies (a?x)(ya?) © F. But then 
also (a2xy)a2 € Fsothat a2xy € F. Therefore xy € T. 

Conversely, let xy € T. Then a?xy € F, and thus also 
(a2x) (ya?) = (a?xy)a? © F. Moreover, a?xy € F easily implies 
ax, ya € N, and hence a?x,ya? € I. But since (a?x)(ya?) € F, it 
follows that a2x,ya2 € F. As before, we infer that a2y € F since 
(a2y)a2 = a*(ya2) € F and a?y € J. Thus x,y € T. 

Hence T is a filter of S. It is easy to see that TM J = F. But 
then a € N. M T implies that N, C T and therefore TM [= 
Lie k=. 


In view of this theorem, it is convenient to introduce the following 
concept. 
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II.2.12 DEFINITION. A semigroup without proper completely 
prime ideals is %-simple. 


The above theorem can be phrased thus: every ideal of an Si-class 
is 9-simple. Furthermore, a semigroup is 9t-simple if and only if it is 
semilattice indecomposable (i.e., has only a trivial semilattice homo- 
morphic image). 


I1.2.13 COROLLARY. Every semigroup is a semilattice of X- 
simple semigroups. 


II.2.14 COROLLARY. Every completely prime ideal of a semi- 
group S is a union of 9t-classes. 


Proof. If I is a completely prime ideal andJ M Nx # ©, then 
If) Nx is a completely prime ideal of VN, and by 2.11, we must 
have If) Nx = N, and thus N; C J. 


1.2.15 COROLLARY. If J is a completely prime ideal of a semi- 
group S, then J = {Nx € Ys| x € I} is a completely prime ideal of Ys. 
Conversely, if J is a completely prime ideal of Ys, then J = 
{x € S| Nx € J} is a completely prime ideal of S. This establishes a 
one-to-one, order preserving (relative to inclusion) correspondence 
between the partially ordered set of all completely prime ideals of S and 
the partially ordered set of all completely prime ideals of Ys. 


Proof. Exercise. 


1.2.16 PROPOSITION. Every Xi-simple subsemigroup T of a semi- 
group S is contained in an 9-class of S. 


Proof. If TZ Nx for all x € S, then there exist x,y'€ T such 
that Nx ~ Ny. We may suppose that Nx > Nxy. Then F = 
T 1 N(x) is a proper filter of T since x € F, y ¢ F, contrary to 
the hypothesis that T is 9t-simple. 


The first statement of the following corollary justifies the terminology 
““¥-simple.”’ 
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1.217, COROLLARY. A semigroup S is X-simple if and only if S$ 
has a single 9-class. The 9-classes of S are precisely all maximal 9t- 
simple subsemigroups of S. The set Nx can be characterized either as 
the union of all 9-simple subsemigroups of S containing x or as the 
greatest such subsemigroup. 


Proof. Exercise. 


11.2.18. Exercises 


1. Show that trivial semigroups are the only semigroups S with the 
property that M(x) = N,(x) for all x € S. 


2. Establish the equivalence of the following conditions on a semi- 


group S. 
i) If a € SbScS, then there exists a positive integer n for which 
a" € ScbS. 
li) M(x) = {y € S| x € SyS for some positive integer n} for all 
bt BSP 


ili) For any a,b,c,d € S there exists a positive integer n for which 
(abcdy € SdcbaS. 


3. Let A be a subsemigroup of a semigroup S. Show that the set 
U.c4 N(a) is the least filter of S containing A. 


4. Show that in a commutative semigroup S, an ideal J of S is com- 
pletely prime if and only if for any ideals A,B of S, AB C/ im- 
plies that either A C Jor BCI. 


5.* Let S = 71 S;. For i = 1,2;....,n, let F; be a filter of S;. Show 
that F = Il7_; F; is a filter of S, and conversely, that every filter 
of S is of this form. Deduce that in S, Noss: ...s,) = Uja1 Ns, 
and that Ys & Il/_1 Ys,. Also show that the converse of the first 
statement is, in general, false for the direct product of an infinite 
number of semigroups. 


6. Show that if T is a homomorphic image of S, then Yr is a homo- 
morphic image of Ys. 


7. For a nonempty set X, describe the greatest semilattice decom- 
position of the following semigroups. 
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i) The free semigroup on X. 
ii) The free commutative semigroup on X. 
ili) The free band on X. 


8. A groupoid is a nonempty set together with a (not necessarily 
associative) multiplication. With the same definitions as for semi- 
groups, prove the validity of 2.3 and 2.5 for groupoids. (Note 
that semilattice congruences on a groupoid have a different de- 
scription from those on a semigroup.) 


1I.2.19 REFERENCES: Chrislock [2], Kist [1], Numakura 
(Li Petrich [1], (2); Sulka [1], Tamura [4], [5], [8], [9], [13], Tamura and 
Kimura [1], [2], Thierrin [1], [2], [4], Yamada [1]. 


II.3. Completely Semiprime Ideals and si-Subsets 


The purpose of this section is two-fold: to characterize an arbitrary 
nonempty intersection of completely prime ideals, these being of partic- 
ular interest in light of the preceding section, and to characterize sub- 
sets which are congruence classes of some semilattice congruence. To this 
end, the following concepts will prove convenient. 


II.3.1 DEFINITION. Let S be a semigroup. An ideal J of S is 
prime if for any a,b © S, aSb C J implies that either a € J or b CJ; 
I is semiprime if for any a € S, aSa CJ implies a € J. A nonempty 
subset A of S is completely semiprime if for any x € S, x2 € A implies 
x € A; A is an m-system if for any a,b € A there exists x € S such that 
axb € A. 


It is easy to see that every completely prime ideal is prime, that a 
proper ideal is prime if and only if its complement is an m-system, and 
that x" € J, where J is a completely semiprime ideal, implies x € J. 
Further, a semiprime ideal is a generalization of a prime ideal just as a 
completely semiprime ideal is a generalization of a completely prime 
ideal. We will characterize completely semiprime ideals in several ways, 
particularly as intersections of completely prime ideals. For this we 
need the next four lemmas, in all of which S stands for an arbitrary 
semigroup. We start with semiprime ideals. 
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11.3.2 LEMMA. Let J be a semiprime ideal and M be an m-system 
such that 711 M = @&. Then there exists an m-system M* maximal 
relative to the properties: MC M*,IN M* = @. 


Proof. Let 31 be the partially ordered set of all m-systems N such 
that MC NandIN N= @.ThenmM ¥ @ since M € om. Let 
@ be achain in M, and let D = Ucce C. If a,b € D, then there 
exists C € @ such that a,b € C so axb € C for some x € S. 
Hence axb € D and thus D is an m-system. Clearly M C D and 
IM D = &. Hence D € 9M and by Zorn’s lemma, 3M contains a 
maximal element M*. 


11.3.3 LEMMA. Let S, J, and M be as in 3.2, and let M* be any 
m-system of S maximal relative to the properties: MC M*,IN M* = 
@. Then S\M* is a minimal prime ideal of S containing J. 


Proof. Let @ be the partially ordered set of all ideals P of S such 
that JC Pand M* f) P = @. Similarly as above, Zorn’s lemma 
implies that ® contains a maximal element Q. 

Let a,b ¢ QO. Letting A = J(a) U OQ, B = Jib) U O, we see 
that A and B are ideals with the property Q C A, Q C B. Hence 
IC A,IC B, and by maximality of Q, we must have 4,B ¢ @. 
Thus M* N A + @,M*N BH @sletce M*N A,de M*N 
B. Consequently, since M* is an m-system, there exists x ¢ S 
such that cxd € M*. Since c € M* NM ((a) U Q) and M*N 
QO = ©&, we must have c € J(a) so that c = uav for some u,v € 
S!; similarly d = zbw for some z,w € S!. If aSb € Q, then 
cxd = ua(vxz)bw € Q since Q is an ideal, and hence cxd € 
M* (1 Q, contradicting the fact that M@* 1 Q = ©. By contra- 
positive we conclude that Q is a prime ideal and thus Q’ = S\Q 
is an m-system if it is nonempty. 

Since Q D Jand QN M* = @, it follows that O' N I= OP 
and M* C Q’. By maximality of M*, we must have Q’ = M* 
so that S\M* = Q. If J is a prime ideal satisfying Q D J > J, 
then letting J’ = S\J, we have that J’ is an m-system such that 
J’N1= @ and J’D M* contradicting maximality of M*. 
Therefore Q = S\M* isa minimal prime ideal of S containing I. 


It is very easy to see that the nonempty intersection of prime ideals 
is a semiprime ideal; the next corollary gives the converse. 
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11.3.4 COROLLARY. Every semiprime ideal is the intersection of 
minimal prime ideals containing it. 


Proof. Let I be a semiprime ideal of a semigroup S, and let d € 
S\I. Letting M = {d"|n = 1,2,...}, we obtain an m-system 
disjoint from J; by virtue of 3.2 and 3.3 there exists a minimal 
prime ideal P containing J and not containing d. 


We are now ready to consider completely semiprime ideals. 


11.3.5 LEMMA. Let J be a completely semiprime ideal of S. Then 
aaz...@,€ I implies aj,d2r...@nr € I for any permutation 7 of 
NS cen 


Proof. If xy € J, then (yx)? = y(xy)x € J and thus yx € I. We 
will use this and the hypothesis that J is a completely semiprime 
ideal repeatedly in the remainder of the proof. 

Assume that xyz € J. Then we see successively that each of 
the following elements belongs to J: yzx, (yz)(xz), (xz)(yz), 
(yxzy)z, (zy\(xzy), (xzy)?, xzy, yxz, zyx. Furthermore, the as- 
sumption implies directly that zxy € J. Hence the assertion of 
the lemma is valid for n = 2,3. 

Note that every permutation is a product of transpositions of 
adjacent factors. Hence in order to complete the proof, we need 
only show that axyb € Jimplies ayxb € J. Assume that axyb € 
I. Then we see successively that each of the following elements 
belongs to J: (xyb)a,y(xyba), (ba)(yxy), (ba)(yx)?, (yx)(ba\(px), 
(bayx)?, b(ayx), ayxb. 


11.3.6 LEMMA. Every prime ideal P minimal relative to containing 
a completely semiprime ideal J is completely prime. 


Proof. We may suppose that P ~ S so that M = S\P is an m- 


system. Let ao,di,a2,...,@, € M. Then there exist elements 
X[pXD ee eXn — OS Such thar 

d, = aoxia, € M, 

dz = d\x2a2 € M, 


d3 = d2x3a3 € M, 


by 8} <6)! (| 8) 0) w! 6 'e cael 0: (0 (6 ve 


d, = Gs 1Xnn € M 


I1.3. 
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and thus 
dn = A0X1Q1X2Q2... Xndn € M. 


If aoa; ... an € J, then d, € J by 3.5 and hence MN I ¥ Dm, 
contradicting the hypothesis that JC P = S\M. Hence the semi- 
group T generated by M is an m-system satisfying M C T,TN 
I= ©. By 3.2 and 3.3, the minimality of P implies that M is an 
m-system maximal relative to the property of having empty 
intersection with J. But then M = T which shows that M itself 
is a semigroup, and hence its complement P is a completely 
prime ideal. 


We are now able to prove the desired result. 


11.3.7 THEOREM. 


semigroup S are equivalent. 


ii) 


i) J is the intersection of completely prime ideals. 


taining it. 


iii) J is the union of 9t-classes. 
iv) J is completely semiprime. 


Proof. i) implies ii). Let T= Nacala where each I, is a com- 


pletely prime ideal. Fix a € A and let J be the partially ordered 
set of all completely prime ideals J of S for which J CJC i. 
Then J + @ since J, € g. Let © be a chain in g and let A = 
NcceC. Then JC A CI, and A is an ideal of S. Since the 
partially ordered set {S\C|C € @} forms a chain, it follows 
that S\A = Ucce(S\C) is a subsemigroup of S or is empty, 
which shows that A is a completely prime ideal. Hence A € J 
and the Minimal Principle assures the existence of a minimal 
element, say J., in §. But then J, is also minimal relative to the 
property of being a completely prime ideal containing /. In 
addition 


Soult (hgeada- 
ii) implies iii). This follows from 2.14. 


37 


The following conditions on an ideal J of a 


I is the intersection of minimal completely prime ideals con- 
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iii) implies iv). If x? € I, then Nx = Nw CJ so that x € I. 

iv) implies i). By 3.4, for every d ¢ J, there exists a minimal 
prime ideal J containing J and not containing d. Ac- 
cording to 3.6, J is completely prime. Thus J is the in- 
tersection of all completely prime ideals containing it. 


11.3.8 COROLLARY. A semigroup is 9%-simple if and only if it 
contains no proper completely semiprime ideals. 


This should be compared with 2.11, 2.13, and the first statement in 
2.17. Note that in a semilattice every ideal is completely semiprime; 
compare the next corollary with 2.15. 


11.3.9 COROLLARY. If J is a completely semiprime ideal of a 
semigroup S, then J = {Nx € Ys|x € J} is an ideal of Ys. Conversely, if 
J is an ideal of Ys, then J = {x € S| Nx € J} is a completely semiprime 
ideal of S. This establishes a one-to-one inclusion preserving corre- 
spondence between the partially ordered set of all completely semiprime 
ideals of S and the partially ordered set of all ideals of Ys. 


Proof. Exercise. 


We now turn our attention to the question: Which subsets of a semi- 
group can serve as a class of some semilattice congruence on S? For the 
sake of expediency, we introduce the following concept. 


1.3.10 DEFINITION. A nonempty subset C of a semigroup S is an 
dt-subset if C is completely semiprime and satisfies the condition: for any 
x,y © Sand z €,S!,.x,yz -€,C implies’ xpyzx © C. 


1.3.11 LEMMA. Let C be an -subset of a semigroup S. Then for 
any a,b € S and x € S!, xab € C implies xba € C. 


Proof. Suppose first that c,d © S, cd © C. Then cd,cd’€ C im- 
plies d(cd),cd © C whence (dc)? = d(cd)c € C. Thus cd € C 
implies de © C; we will use this several times. 

Next let x,a,b © S with xab € C. Then (ab)x,b(xa) € C so 
that a(bxb) = (ab)xb © C. Hence (bxb)a,x(ab) © C which im- 
plies b(xbax) = (bxb)ax © C. Consequently (xbax)b,a(bx) € C 
so that (xba)? = (xbax)ba € C and hence xba € C. 
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II1.3.12 THEOREM. The following conditions on a nonempty 
subset C of a semigroup S are equivalent. 


i) Cis an X-subset. 
il) Cis a class of a semilattice congruence. 
ili) C is the intersection of a completely semiprime ideal and a filter. 


Proof. 1) implies ii). Define a relation ¢ on S by: 
aob ifforevery x€S!,xa€C ifand onlyif xb€ C. 


It is clear that o is an equivalence relation and a left congruence. 
We will use 3.11 repeatedly and without express reference. Let 
acb andc€S. Let x € S!. If x(ac) € C, then (xc)a € C so 
that (xc)b € C and thus (xb)c € C. Consequently x(ac) € C 
implies x(bc) € C and conversely by symmetry. Hence o is a 
right congruence and thus a congruence. Further, S/o is com- 
mutative. Next let x € S. If xa € C, then xa,ax € C and hence 
xa? € C since C is an %-subset. Conversely, if xa2 € C, then 
xa,xa2 € C which implies xa2x € C and thus (xa)? € C. But 
then xa € C since C is completely semiprime. Further, a € C 
if and only if a2 © Csince C is an X-subset. Consequently a o a 
which implies that S/o is idempotent. Hence a is a semilattice 
congruence. If a © Cand azab, then b € C, which implies that 
C is a union of o-classes. Let a,b € C. If xa € C, then b,xa € C 
so that bx € C and thus also xb € C; by symmetry, xb € C 
implies xa € C. Hence ao b, and we deduce that C is a o-class. 

ii) implies iii). Let C be a class of a semilattice congruence 
7, let S = U cy S, be the corresponding decomposition of S, 
and let C = S,. Letting A = U.<,S. and B = U.>,Sz, it is 
easy to verify that A is a completely prime ideal and B is a filter 
such that 4 B= S, = C. 

iii) implies i). Let C = A M B where A is a completely semi- 
prime ideal and B is a filter. Since both A and B are completely 
semiprime, so is C. If y,z € Sand x,yz € C, then xy,zx € A and 
x,y,z € B so that xy,zx € B and thus xy,zx € C. If x,y € C, 
then clearly xy,x € C. Hence C is an i-subset. 


11.3.13 COROLLARY. Let x be an element of a semigroup S. 
Then JN, is the intersection of all 9t-subsets of S containing x. 


Proof. Exercise. 
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11.3.14 COROLLARY. The following conditions on a subset C of a 
semigroup S are equivalent. 


i) 
ii) 
iii) 
iv) 


v) 


C is an %-class. 

C is acclass of the greatest semilattice decomposition. 
C is a minimal 9t-subset. 

C is a maximal 9-simple subsemigroup of S. 

C is an %-simple St-subset. 


Proof. Exercise. 


1.3.15. Exercises 


Let x be an element of a semigroup S. Let Pi(x) = J(x); supposing 
that P,(x) has been defined for n > 1, let P,:1(x) be the ideal gener- 
ated by all elements y of S for which y" € P,(x) for some m. Show 
that P(x) = Uy. P,(x) is the least completely semiprime ideal of 
S containing x and is also the intersection of all completely prime 
ideals of S containing x, and that Nx = N(x) M P(x). Deduce 
that if x is the zero of S, then P(x) is the least completely semiprime 
ideal and an %-class of S. 


Establish the equivalence of the following conditions on a semi- 
group S. 
i) Ys is a chain. 
ii) The partially ordered set of completely prime ideals of S forms 
a chain. 
ili) Every completely semiprime ideal of S is completely prime. 


Show that 9-subsets of a semilattice Y coincide with convex sub- 
semilattices of Y (a subset A of Y is convex if a,b © A,a<x<b 
implies x € A). 


Prove that the congruence o constructed in the proof of 3.12 is the 
greatest congruence on S having C as one of its classes, and that 
either 
i) Z = S/o has a zero and the property that for any two distinct 
nonzero elements a and b of Z there exists x € Z such that 
exactly one of the products ax,bx is zero, or 
i) Z = S/o is as in i) with a zero adjoined. 
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Sa Show that in any semigroup S, an ideal J is prime if and only if 
for any ideals A,B of S, AB CJ implies that either 4 CJ or 
BRT. 7 


6. For any semigroup S, let Bs and Cs be the greatest band and the 
greatest commutative homomorphic images of S, respectively. 
Show that the diagram 


can be completed to a commutative diagram. 


7.* Show that in any semigroup S, SxS = Sx2S for all x € S if and 
only if N(x) = {y € S| SxS C SyS} for all x € S, and if so, every 
prime ideal of S is completely prime. 


8. Show that an ideal of a semigroup is completely prime if and only 
if it is prime and completely semiprime. 


9. Prove that every semigroup S with zero 0 such that 0 is a completely 
semiprime ideal of S is a subdirect product of semigroups with 
zero and without zero divisors. 


1.3.16 REFERENCES: Adams [1], Andrunakievié and Rjabuhin 
[1], Grigor [1], Petrich{2], Szasz [2], Thierrin [3]. 


11.4. Semilattices of Simple Semigroups 


We are interested here in the conditions on a semigroup S equivalent 
to the requirement that every 9-class of S be simple or satisfy a related 
but more restrictive condition. The pattern of the principal results in 
this section consists of establishing conditions equivalent to certain 
restrictions on all 9t-classes successively in terms of the following: ideals, 
elements, expressions for all N(x), Green’s relations, and ideals in 
conjunction with 9t-classes. In order to facilitate the discussion, we 
introduce some more notation and concepts. First recall 1.3.6 and 


oa 
LS x; R(x) = xS}; J(x) = S'!xS! 
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are the principal left, right, and two-sided ideals of a semigroup S gener- 
ated by an element x of S. 


11.4.1 DEFINITION. In any semigroup S, for T = L,R,J define a 
relation 3 by: x3 y if and only if T(x) = T(y). The relations £,R,5C = 
£1 Rand J are Green’s relations (or equivalences) on S. For any Green’s 
relation 3, the 5-class containing an element x of S is denoted by 7. 
(hence T, = {y € S| T(x) = T(y)}). A semigroup S is 3-simple if it has 
only one 5-class: for £-simple we say /eft simple, similarly for right 
simple, and for j-simple we say simple (see 1.3.8). 


Note that this terminology and notation conforms with the case 
3 = MN introduced earlier, It is easy to see that, e.g., x £ y if and only 
if for every left ideal L of S, either x,y € L or x,y ¢ L. Further, in view 
of 3.7, x 9 y if and only if for every completely semiprime ideal J of S, 
either x,y € J or x,y ¢ I. Left, right, two-sided, and completely semi- 
prime ideals are closed under union and nonempty intersection; filters 
only under nonempty intersection; completely prime ideals only under 
unions. Finally 3 C £C g CM where £ can be substituted by R. 
Also note that £ is a right congruence and @ is a left congruence. 

In the following lemma and proposition, let P denote any property 
of a semigroup S which implies 9t-simplicity (e.g., simplicity, being a 
group, etc.). Recall the definition in 1.14. 


11.4.2 LEMMA. If a semigroup S is a semilattice of semigroups Q. 
each of which has property P, then the induced semilattice congruence 
equals I. 


Proof. Since Q, has property P, by 2.16 we have Q, C Nx for 
some x € S which shows that the induced congruence is con- 
tained in 9; the opposite inclusion follows by the minimality 
of N. 


The next proposition will come in handy. 


1.4.3 PROPOSITION. The following conditions on a semigroup S 
are equivalent. 


i) Every %-class has property P. 
ii) Sis a semilattice of semigroups each of which has property P. 
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iii) For every x € S, Nx is the greatest subsemigroup of S containing 
x and having property P. 


Proof. hat i) implies ii), and iii) implies i) is trivial; ii) implies 
1) by 4.2. Suppose that i) holds and let T be any subsemigroup 
of S containing x and having property P. Then T is 9t-simple 
and 2.16 implies that TC N, for some y € S. But then obvious- 
ly TC Ny, = Ny, and thus iii) holds. 


Hence in many results that follow, we may substitute a statement of 
type 1) in 4.3 by a statement of type ii), while iii) gives an additional 
property of Si-classes. The next lemma will be used without express 
mention. 


11.4.4 LEMMA. Let x be an element of a semigroup S, then 


Nowe OU. Ne SUL Ny UNG): 
Ny = Nz Ny = Nz 


z= 1Vry 
Proof. Exercise. 


We begin with simplicity of each 9t-class. 


11.4.5 THEOREM. The following conditions on a semigroup S are 
equivalent. 


i) Every %-class is simple. 

ii) Every ideal of S is completely semiprime. 
iii) For every x € S, x € SxS. 
iv) For every x € S, M(x) = {y € S| x © SpS}. 
v) N= J. 
vi) Every ideal of S is a union of 9-classes. 


Proof. i) implies ii). Let I be an ideal of S and let x? € J. Then 
x2 € IN Nyx; hence JM Nx is an ideal of Nx and we must have 
IN Ny, = Nx. But then x € J and J is completely semiprime. 
ii) implies iii). For any x € S, SxS is an ideal of S and since 
x4 € Sx2S, the hypothesis implies that x © Sx?S. 

iii) implies iv). For x © S, let 


T = {fy € S|x € SyS}. 


II.4.6 DEFINITION. 
xyx is a rectangular band. 


Il.4.7 COROLLARY. 
bands, and for any x € S, 
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The inclusion T C N(x) is immediate since M(x) is a filter. The 
hypothesis implies that x € T. Thus to prove that M(x) CT, it 
suffices to show that 7 is a filter. Hence let u,v © 7. For any 
a € S, we have 


vau € S(vau)2S C SuvS 
so that 
x € Sx*S C S(SvS)(SuS)S C Suv, 


which shows that uv € T. Conversely, if uv € T, then it follows 
immediately that u,v € T. Hence T is a filter and thus TC N(x) 
and the equality prevails. 

The implications “‘iv) implies v)’? and “‘v) implies vi)” are 
trivial. 
vi) implies i). Using 1.3.9 it suffices to show that for any x € S, 
Nx C NxyN;x for all y € Nx. For y,z € Nx, the hypothesis im- 
plies Nx C J(y3) since y3 € Nx, and thus z = ay3b for some 
a,b € S!. Ifa ¢ S, then Nay = Ny = N,, and if a € S, then 


Nay = NaNy = N,N,= NaNay% = Nay = Nyx. 
Analogously Ny, = Nx which implies 


z = (ay)y(yb) € NxyNx. 


Consequently Vx C NxyNx for all y € Nx. 


II 


A semigroup S satisfying the identity x = 


It is easy to verify that a rectangular band is indeed a band (i.e., 


an idempotent semigroup). 


N(x) = {y € S| x = xyx}. 
Proof. A band S trivially satisfies 4.5 iii), so by 4.5 iv) we have 
N(x) = ty € S| x € SyS}. 


Every band S is a semilattice of rectangular 


II.4. 
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Hence let x = ayb for some a,b € S. Then 


x 


Il 


aybx = a(ybx)(ybx) = (aybx)(ybx) = x(ybx) 
(xy)(xy)(bx) = xy(xybx) = xyx, 


I 


which proves the last assertion of the corollary. The first as- 
sertion follows from the second, since the latter implies 


Nx = {y € S|] x = xyx, y = yxy} 


which is obviously a rectangular band. 


11.4.8 COROLLARY. A band S is X-simple (simple) if and only if 
S is a rectangular band. 


Proof. Exercise. 


11.4.9 THEOREM. The following conditions on a semigroup S are 
equivalent. 


i) Every 2-class is left simple. 


ii) Every left ideal of S is completely semiprime and two-sided. 
iti) For every x € S, x € Sx? and xS C Sx. 

iv) For every x € S, N(x) = {y € S|x € Sy}. 

vy) N= &. 

vi) Every left ideal of S is a union of 9t-classes. 


Proof. i) implies ii). Let J be a left ideal of S. If x? € J, then x? € 


IN Nx; hence JN Nx is a left ideal of Nx and we must have 
IM Nx = Nx. But then x € J and thus J is completely semi- 
prime. If x € Jand y € S,thenyx €7N Nyx sothatIN Nyx = 
Nyx since I M Nyx is a left ideal of Nyx. But then xy € Nyx 
implies that xy € J and J is a two-sided ideal. 
ii) implies iii). For any x € S, Sx? is a left ideal of S and is thus 
completely semiprime. Since x3 € Sx?, we have x € Sx*. More- 
over, the set Sx is a left and thus a two-sided ideal of S and 
contains x, so that xS C J(x) € Sx. 

The proof of the remaining implications is an easy modifica- 
tion of the corresponding proofs in 4.5 and is left as an exercise. 
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II1.4.10 COROLLARY. The following conditions on a semigroup 
S are equivalent. 


i) Every %-class is a group. 

ii) Every left and every right ideal of S is completely semiprime 
and two-sided. 

iii) For every x € S, x € xSx and xS = Sx. 

iv) For every x € S, N(x) = {y € S|x € ySy}. 

WW) Ore = He, 

vi) Every left and every right ideal of S is a union of %-classes. 


Proof. Exercise. 


1.4.11 COROLLARY. The following conditions on a band S are 
equivalent. 


i) Every 9-class of S is a left zero semigroup. 
ti) For every x € S,xS C Sx: 
iii) For every x € S, N(x) = {y € S|x = xy}. 
iv) S satisfies the identity xyx = xy. 


Proof. Exercise. 


I1.4.12 COROLLARY. The following conditions on a band S are 
equivalent. 


i) Sis a semilattice. 
ii) For every x © SxS = Sx. 
iii) For every x € S, M(x) = {y € S| x = yxy}. 


Proof. Exercise. 


11.4.13. Exercises 


1. Prove that the following conditions on a semigroup S are equiv- 
alent. 
i) Sis achain of simple semigroups. 


iS. 


ies 


1s 
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ii) Every ideal of S is completely prime. 
lii) For any x,y € S, either x € SxyS or y € SxyS. 


Prove that the following conditions on a semigroup S are equivalent. 
i) Sis a chain of left simple semigroups. 

li) Every left ideal of S is two-sided and completely prime. 

iii) For any x,y € S, either x € Sxy or y € Syx, and xS C Sx. 


Find necessary and sufficient conditions in terms of elements of a 
semigroup S in order that S be a chain of rectangular bands. Do 
the same by substituting “left zero semigroup” instead of “‘rec- 
tangular band.” 


Prove that a semigroup S which is the union of simple subsemi- 
groups is a semilattice of its maximal simple subsemigroups. 


Let C be a commutative semigroup and T be a nontrivial rectangu- 
lar band. Show that C X Tis the only subdirect product of C and T 
contained in C X Tif and only if C is a group. 


Show that a semigroup S is a rectangular band if and only if for 
any x,y € S, xy = yx implies x = y. 


Prove that a semigroup S is a subdirect product of a commutative 
semigroup and a rectangular band if and only if 
i) S satisfies the identity axyb = ayxb. 
ii) For any a,b,x,y € S, xax = yby implies xy = yx. 
iii) Denoting by @ the least congruence o on S for which S/a is 
commutative, xCy and xy = yx imply x = y. 


11.4.14 REFERENCES: Croisot [1], Green [1], McLean [1], Petrich 
PARSSVENY Al PA 


11.5. Weakly Commutative Semigroups 


We have seen in the preceding section that for certain classes of 
semigroups, N(x) has a particularly simple form. We will now consider 
yet another class of semigroups for which this holds. A condition some- 
what weaker than commutativity is provided by the following. 


11.5.1 DEFINITION. A semigroup S is weakly commutative if for 
any x,y © S, (xy)" © ySx for some positive integer 7. 
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N(x) = {y € S| x € ySy for some n} 


if and only if S is weakly commutative. 


Proof. Necessity. For any x,y € S, we have yx € N(xy) which 


in view of the hypothesis yields (xy) € yxSyx C ySx. Thus Sis 
weakly commutative. 


Sufficiency. For x € S, let 


T = {y € S| x" € Sy for some 7}. 


We show first that T is a filter of S. Let y,z © T. Then x” = ay 
and x" = bz for some a,b € S and some m, n. Since S is weakly 
commutative, (bzy = zc for some c € S and some r. Conse- 
quently 


xmtnr = (ay)(bzy" = (ay)(zc) 


whence, again by weak commutativity, we obtain [(ayz)c]k = 
d(ayz) for some d € S and some k. Hence 


and thus yz € T. Conversely, suppose that yz € T. Hence x” = 
(ay)z for some a € Sand some m so that z € T. By weak com- 


mutativity, we have [(ay)z|" = b(ay) for some b € S and some 
n, SO 


xm = (ba)y € Sy 


and hence y € 7. Therefore T is a filter, and since x € T, by 
minimality of N(x), we must have N(x) C T. On the other hand, 
T SE Nx) GONG) so that.’ = N(x), 
By symmetry we can prove also that 
N(x) = {y € S| xm € yS for some m}, 


which implies 


N(x) 


{y € S| xk € ySy for some k}. 


ty € S| x" € Sy for some n} N {y € S| x" € yS for some m} 


il 


Let S be a semigroup. Then for every x € S, 
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IE5.2-COROLRDARY: If S is a weakly commutative semigroup, 
then for every x € S, 


N(x) = {y € S| x" € yS for some n}. 


Proof. This was proved in the sufficiency part of 5.2. 


11.5.4 COROLLARY.* A weakly commutative band is a semilattice. 
Proof. Exercise. 


For (mainly commutative) semigroups it is convenient to have the 
following concept. 


11.5.5 DEFINITION. A semigroup S is archimedean if for any 
a,b € S there exists a positive integer n for which a" € SDS. 


In this terminology it is useful to keep the following consequence 
of 5.3 in mind. 


11.5.6 COROLLARY. Every weakly commutative semigroup is 
(uniquely) a semilattice of archimedean semigroups. 


11.5.7 DEFINITION. The archimedean subsemigroups in 5.6 of a 
weakly commutative semigroup S are the archimedean components of S 
(which obviously coincide with the St-classes of S). 


11.5.8. Exercises 


1. In any semigroup S, define a relation K by: 
xkKy if x" = y" for some positive integers m, n (x,y € S). 


Show that X is an equivalence relation contained in 9, and that 
each %-class contains at most one idempotent. Also show that the 
congruence generated by K coincides with the least band congruence 
on S. 
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2. Denoting by Kx the K-class of a semigroup S containing an ele- 
ment x, show that Kx contains an idempotent if and only if x is 
of finite order. If so, denoting the idempotent by e, show that 


K. = {x € S| x" = efor some 7}. 


Deduce that every K-class contains an idempotent (exactly one) if 
and only if S is periodic. 


3.* Prove that K = MN in a semigroup S implies that S is weakly com- 
mutative, and that the converse holds if S is periodic. 


4.* Prove that in a periodic semigroup S the following conditions 

are equivalent. 

i) For any e,f € Es, K.Ky C Ker = Kye. 

ii) For any x,y € S, (xy) = xsyt = y'xs for some positive in- 
UGUEI 2 5 Ue 

iil) Sis weakly commutative and Es is commutative. 

iv) Sis weakly commutative and Es is a semigroup. 

Also show that under these conditions, for x € K., M(x) = 
U ae Ke and Yok. 


5. Show that the direct product of a weakly commutative archi- 
medean semigroup and a rectangular band is t-simple. 


6. Give an example of a weakly commutative semigroup which is 
neither commutative nor a group. 


11.5.9 REFERENCES: — Head [1], Petrich [2], Pondéligek [1] 
Schwarz [1], Sedlock [1], Tamura [15], Yamada [3]. 
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11.6. Separative Semigroups 


In this section we consider semigroups which are semilattices of can- 
cellative semigroups. We then discuss the case of such semigroups which 
are also commutative. To begin, we introduce two new concepts. 


[1.6.1 DEFINITION. A semigroup S is /eft cancellative if for any 
a,b,x © S, xa = xb implies a = b; right cancellative if ax = bx implies 
a = b; cancellative if it is both left and right cancellative. 
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A weakened version of a cancellative semigroup is provided by the 
following notion. 


II.6.2 DEFINITION. A semigroup S is separative if for any x,y € S, 
i) x? = xy and y2 = yx imply x = y, 
li) x? = yx and y? = xy imply x = y. 


11.6.3 LEMMA. Ina separative semigroup S, for any x,y,a,b € S, 
the following statements hold. 


i) xa = xb if and only if ax = bx. 
iil) x2a = x2b implies xa = xb. 
iil) xya = xyb implies yxa = yxb. 


Proof. i) If xa = xb, then a(xa)x = a(xb)x and b(xa)x = b(xb)x 
so that (ax)? = (ax)(bx) and (6x)? = (6x)(ax) which by separa- 
tivity implies ax = bx. The opposite implication follows by 
symmetry. 

ii) If x2a = x2b, then by part i), xax = xbx whence (ax)? = 
(ax)(bx) and (bx)? = (bx)(ax) and thus by separativity ax = bx. 
But then by part i), also xa = xb. 

iii) Let xya = xyb. Then xyay = xyby, and thus by part i), 
yayx = ybyx. Multiplying by suitable elements on the right 
and using part i), we obtain the following strings of equalities: 


yayxa = ybyxa yayxb = ybyxb 
ayxay = byxay ayxby = byxby 
(ayx)? = (byx)(ayx) (ayx)(byx) = (byx)? 


which by separativity implies ayx = byx. But then by part i) we 
have yxa = yxb. 


11.6.4 THEOREM. A semigroup S is separative if and only if S is a 
semilattice of cancellative semigroups. If so, the relation o defined on S by 
xoy ifforany ab¢€S, xa=xb ifandonlyif ya=yb (1) 
is the greatest band congruence on S all of whose classes are cancellative. 


Proof. Necessity. Let o be as in (1). It is clear that o is an equiv- 
alence relation. Let xo y and z € S. It follows immediately 
that xzo yz. If (zx)a = (zx)b, then z(xa) = z(xb) which by 
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6.3 i) implies (xa)z = (xb)z. But then x(az) = x(bz) so by (1), 
y(az) = y(bz). Again by 6.3 i), it follows that (zy)a = (zy)b. By 
symmetry, (zy)a = (zy)b implies (zx)a = (zx)b. Hence zx o zy 
and o is a congruence. Further, 6.3 ii) implies that S/o is a 
band, while 6.3 iii) implies that S/o is commutative. Therefore 
o is a Semilattice congruence. 

Suppose that zx = zy and x02, yoz. Since x02, zx = zy 
implies x2 = xy, and since y oz, it implies yx = y?. But then 
separativity yields x = y. If xz = yz with x oz, y oz, then by 
6.3 i), zx = zy, and this reduces to the case just considered. 
Hence each o-class is cancellative. 


Sufficiency. Let r be a semilattice congruence on S all of 
whose classes are cancellative. Let x,y € S. If x2 = xy and 
y2 = yx, then xr xy and yr yx so that x 7 y, and thus the equa- 
tion x2 = xy implies x = y. Similarly, x2 = yx and y? = xy 
imply x = y. Therefore S is separative. 

Let & be a band congruence on S all of whose classes are can- 
cellative. Let x £& y and xa = xb. Then x £ yimplies xa — ya and 
xb & yb; the last equivalence yields xa — yb since xa = xb. Con- 
sequently the three elements xa, ya, yb are all contained in the 
same é-class. Applying 6.3 111) to yxa = yxb yields xya = xyb 
and again to (ax)(ya) = (ax)(yb) yields (xa)(ya) = (xa)(yb). 
Hence the cancellation law in the é-class containing xa, ya, yb 
implies ya = yb. By symmetry, we conclude that ya = yb im- 
plies xa = xb which shows that x o y. Therefore & C o. 


11.6.5 COROLLARY. A semigroup S is separative if and only if 
every It-class of S is cancellative. 


Proof. Exercise. 


We will characterize the semigroups above in terms of subdirect prod- 
ucts in III.7.6. Note that in the case of a commutative semigroup, 
separativity simplifies to: x2 = y2 = xy implies x = y. 


11.6.6 THEOREM. The following conditions on a semigroup S are 
equivalent. 


i) Sis commutative and separative. 
ii) Sis a semilattice of commutative cancellative semigroups. 
iii) Sis embeddable in a semilattice of abelian groups. 
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Proof. i) implies ii). This is a consequence of 6.4. 
ii) implies iii). Let S be a semilattice of commutative cancel- 
lative semigroups Sa, a € Y. For a € Sa, b € Ss, and c € Sag, 
we obtain 


c?(ab) 


(ca)(be) 
[(bc)cla 


(bc)(ca) 
c(bc)a = [(cb)c]a = c?(ba) 


and thus ab = ba by cancellation in S,s. Consequently S is 
commutative. 
Let F = U.cy(S. X Sz) and on F define a relation 7 by 


(a,b) 7 (c,d) if ac € S. forsome a€ Y and ad= be. 


It is straightforward to verify that 7 is a congruence on F; let 
Q = F/rand by [a,b] denote the 7-class containing (a,b). Letting 


Ga = {[a,5] = Q|ae Sa} 


one easily sees that G, is an abelian group, that Q is a semilattice 
of groups G,, and that the mapping 


g:a — [a?,a | (a € S) 


is an embedding of S into Q. (Note that in the case that Y has 
only one element, this construction reduces to the familiar one 
of embedding a commutative cancellative semigroup into its 
group of fractions.) 

ili) implies i). We may suppose that S is a subsemigroup of a 
semigroup T which is a semilattice of abelian groups G,, a € Y. 
We have seen above that a semilattice of commutative cancel- 
lative semigroups is commutative, hence 7 and thus also S is 
commutative. Assume that x2 = y? = xy for x,y € S. Then 
both x and y are contained in the same G, which by cancella- 
tion yields x = y. Therefore S is also separative. 


11.6.7 COROLLARY. A semigroup S is commutative and separa- 
tive if and only if every X-class of S is commutative and cancellative 


(and thus also archimedean). 


Proof. Exercise. 


54 SEMILATTICE DECOMPOSITIONS Il 


11.6.8. Exercises 


1. Show that a cancellative semigroup S can have at most one idem- 
potent and if so, then it is the identity of S. 


2. Prove that a periodic cancellative semigroup is a group. Deduce 
that a periodic separative semigroup is a semilattice of groups. 


3. Show that the free semigroup on a set is cancellative. 


4. Show that any two idempotents of a separative semigroup commute. 


11.6.9 REFERENCES: Burmistrovi¢é [1], Gluskin [8], Hewitt and 
Zuckerman [1], McAlister [1], McAlister and O’Carroll [1]. 


11.7. sv-Semigroups 


We have seen in the preceding section that every commutative separa- 
tive semigroup is a semilattice of commutative cancellative archimedean 
semigroups, and that the converse also holds. If a commutative cancella- 
tive archimedean semigroup S has an idempotent e, then by cancellation e 
is the identity of S, and since for any a € S, there exists x € S such that 
e = ax, Sis an abelian group. We will now elucidate the structure of the 
remaining commutative cancellative archimedean semigroups; it is 
convenient to give them a name. 


II.7.1 DEFINITION. An Q-semigroup is a commutative can- 
cellative archimedean semigroup without idempotents. 


Hence a commutative separative semigroup is a semilattice of Q- 
semigroups and abelian groups and conversely. 


1.7.2 LEMMA. For any elements a and 6 of a commutative archi- 
medean semigroup S without idempotents we have a ¥ ab. 


Proof. Suppose that a = ab. The hypothesis implies that 5" = 
ax for some positive integer n and some x © S. Hence 


@=ab= ab+= ...= ab? = @x 
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which implies that (ax)? = ax, contradicting the hypothesis 
that S has no idempotents. 


The next theorem gives the structure of -semigroups. 


11.7.3 THEOREM. Let N be the additive semigroup of nonnegative 
integers, G be an abelian group, J:G X G— N be a function satisfying: 


1) I(a,8) + Mas,y) = Ma,By) + (8,7) (a,8,7 € G), 
ii) I(a,8) = I(6,«) (2,6 € G), 
ili) J(e,e) = 1 where « is the identity of G, 
iv) foreacha € G there existsm > 0 such that I(a”,a) > 0. 
On the set S = N X G define a multiplication by: 
(m,a)(n,8) = (m + n + I(a,8),08). 


Then S with this multiplication is an 9{-semigroup, to be denoted by 
(G,I). Conversely, every i-semigroup is isomorphic to some (G,/). 


Proof. Let S = (G,J) be as above. 
1. Sis associative. Using i) we obtain 


[((m,a)(n,B) (ky) = (m + 1 + I(a,8),a8)(k,y) 
=(m+n-+ I(a,8) + k + I(oB,y),(aB)y) 
= (m + [a,By) + n+ k + I(B,y),a(87)) 
= (m,a)(n + k + I(6,7),B7) 
= (m,a) [(n,8)(k,y)]. 


2. Sis commutative. This follows immediately from it). 
3. Sis cancellative. Suppose that 


(m,a)(n,8) = (m,a)(k,y); 
then (m+n-+ I(a,8),o8) = (m + k + Ka,y),o7) 
so that m+n-+ Ma,B) =m+k-+ Ma,y), ap = ay. 


Consequently, the last equation implies 6 = y, and hence 
the first implies n = k. Thus (7,8) = (k,y). 

4. § is archimedean. Given (m,a) and (n,8), we wish to show 
the existence of p > 0 and (k,y) such that 


(ma)? = (n,8)(k,y). (1) 
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We will need the following identity: 
Kyo =1 WES) (2) 


which follows from i) and iii) by setting a= 6B =e. We 
consider two cases. 


(a) m > 0. Then (2) yields (m,a) = (0,¢)(m — 1,a) so that to 
solve (1) it suffices to consider the case (0,€)? = (n,6)(k,y). 
Choose p such that p — 1 > n+ 1(8,6-'), let k = p — 1 — 
n — I(6,6-') and y = B-!. Then by (2), 


(0,e)? = U(er!,e) +... + Ile e),€?) = (p — 1,6), 
(n,8)(k,y) = (n,8)(p wet Dh ore I(8,8-'),B—') = (p ag 1,€), 


so that (0,)? = (n,8)(k,y), as desired. 

(b) m = 0. By iv), there exists d > 0 such that [(a4,a) > 0. 
Hence (m,a)4+! = (0,a)4+! = (s,a¢+!) where s = I(a4,a) + 
...+1(a,a) > 0. By case (a), (m,a)4¢+)? = (n,8)(k,y) for 
some p > 0 and (k,y) € S, as required. 

Conversely, let S be an St-semigroup and fix a € S. We will 

S has no idempotents. This follows easily from iii). 
use 7.2 without express reference. 

Let D = MN 7_1 a"S and assume that D ¥ @. Then Dis anon- 
empty intersection of ideals and is hence an ideal. For s € S$ 
we have a" = sx for some m > O and some x € S, and for 
any d € D, we have d = ay for some y € S so that 


d = amy = (sx)y = s(xy) € sS, 


proving that D C sS for alls € S. It follows that D is con- 
tained in every ideal of S so in particular D C dD. Since the 
opposite inclusion is obvious, we have D = dD for everyd € D. 
Thus for any c,d € D, the equation cx = d is solvable in D 
which together with commutativity implies that D is a group. 
But then D contains an idempotent contradicting the hy- 
pothesis that S has no idempotents. Therefore D = @. 

For convenience we write x = a°x for any x € S. Now let 


T, = atS\at!$ (7 = 0102. oe.) 


The fact that D = ©& signifies that every element x of Scan be 
written in the form x = az for some z ¢ aS. In fact, both n 
and z are unique, since for a"z = a™w with z,w ¢ aS,n ~ m 
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would imply by cancellation that either z € aS or w € aS. 
Thus m = nso also z = w by cancellation. 
Let o be a relation on S defined by: 


xay if amx=a"y forsome m,n> 0. 


It is easy to verify that o is a congruence. We can thus denote 
the classes of « by S, where a € G and G is a semigroup. It 
follows immediately that all positive powers of a constitute a 
single o-class, to be denoted by S,. Further, x o a"x for any 
x € S'so that ¢ is the identity of G. For any x € S there exist 
m> 0 and y € S such that a" = xy which implies xy oa 
proving that the equation a8 = « has a solution in G for any 
a € G. Consequently, G is a group. 

We have seen in part 2 that every x € S can be uniquely 
written in the form x = a"z for some z € To = S\a5S. It fol- 
lows that every x is c-related to exactly one element of To and 
thus 7 intersects each o-class S, in a single element, say w.. 
The set {u.| a € G} now serves as a set of representatives of 
different c-classes, and we have 


Sx=niatu, 20} (a € G). 


This suggests that every element of S is uniquely determined 
by a nonnegative integer 7 and an element a of G. To obtain 
the form of the product of two such elements in terms of this 
representation, it suffices to express the product of two rep- 
resentatives. For any a,8 € G, we have u.ug o Uag Since o IS 
a congruence and thus wag = @"Uag for some n > 0 since the 
other possibility, viz. vag = a@"Uallg, cannot occur for n > 0 
because of wag ¢ aS. We thus define a function 1:G KX G— 
N by the requirement 


UUg = alHuyg (a;0PanG). 


We now verify that /(a,8) has properties 1) - iv). 
To start with, 
(Uglg)Uy = al By gl = Ql oB+IeBY) yo g1, 


Ug( Ugly) — Ug! 8 Yug., = QBN+OBY Yap, 


which by the uniqueness of the representation yields i). Item 
ii) is obvious. Since ue = a, we immediately obtain iii). For 


Si) 
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any a € G, we have uz € aS since S is archimedean, and, on 
the other hand, uv” = ai@"™") +... +1) ym so I(ak,a) > 0, 
establishing iv). 

6. Define a mapping y by: 


xy =(na) if x=aU, (x € S). 


By the uniqueness of the representation, y is single-valued and 
one-to-one. For x = au, and y = a"ug, we obtain 


CYp)Oy) = (m,a)(n,8) = (m + n + I(a,8),°8) 
= (amtnt+ (oR) yay = (xy)y 


and y is a homomorphism. Since y obviously maps S onto 
(G,J), we conclude that S = (G,/). 


Note that ay = (0,e). This shows that for every element a € S, we 
can find an isomorphic copy of S of the form (G,/) for which ay = 
(0,e). In the exercises below, we will see that for different elements a we 
get different groups G and thus also different functions 7. We thus 
should write (G,/), to express that this isomorphic copy of S depends 
on the choice of a. Hence this representation, and in particular the group 
G, is not an invariant of the semigroup S, which causes great difficulties 
in establishing when two (G,/) are isomorphic. Writing G, for the group 
arising from a, it is natural to ask what all these groups have in common. 
Some of these properties will be considered in the next theorem, its 
corollary and the exercises, in particular the influence of such properties 
on S itself. Note that (m,g)— g is a homomorphism of (G,/) onto G. 
It is easy to verify that (m,a) = (0,€)"(0,a) for any (m,a) € (G,/). Hence 
{(O,a)|a@ € G} is a set of generators of (G,/). In particular, if G is 
finite, then (G,/) is finitely generated. We now turn to the converse. 


11.7.4 THEOREM. (G,/) is finitely generated if and only if G is 
finite. 


Proof. Sufficiency was observed above. Assume that (G,/) is 
generated by a finite set 7. Let To be the subset of T consisting 
of elements of the form (0,a). Then To + @, for otherwise no 
element of the form (0,«) could be expressed as a product of 
elements of T. Let To = {(0,a;)| 1 <i<k}. For every 1 < 
i <k, there exists a least positive integer m; such that [(a’"‘,a;) > 
0 (see 7.3). It follows that for 1 < s < mj, (O,ai)5 is of the 
form (0,8) for some 6 € G, and for s > mj, (0,a)* is not of the 
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form (0,8) for any 8 € G. Since T generates (G,1), for every ele- 
ment of the form (0,a), we have 


(0,a) <7 (0,01)°(O,a2)"» $b s (O,ax)**, 


where 0 < s; < m;, i = 1,2,...,k, and not all s; are equal to 
zero (s; = 0 means that (0,a;) is absent). Consequently there 
exist only a finite number of elements of the form (0,a) which 
evidently implies that G is finite. 


II.7.5 DEFINITION. The group G, associated with an element a 
of an Ii-semigroup S is a structure group of S. 


II.7.6 COROLLARY. The following conditions on an t-semigroup 
S are equivalent. 


i) Sis finitely generated. 
ii) Some structure group of S is finite. 
iii) Every structure group of S is finite. 


PTOO}> a AX€TCise. 


The following concept represents a strengthening of the archimedean 
property. 


11.7.7 DEFINITION. A semigroup S is power joined if for any 
elements a and b of S, there exist positive integers m and n for which 
a” = 6", 


In the notation of 5.8, exercise 1, a semigroup is power joined if and 
only if it has a single K-class. Further, a group is power joined if and 
only if it is periodic. 


II.7.8. Exercises 


1. Show that a finitely generated 9t-semigroup is power joined. 


2.* Prove that the following conditions on (G,/) are equivalent. 


4,* 
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i) Gis periodic. 

ii) (G,J) is power joined. 
iii) Every group homomorphic image of (G,/) is periodic. 
Deduce that if some structure group of (G,/) is periodic, then every 
structure group of (G,/) is periodic. 


Let S be a commutative separative semigroup. Show that in S, 
= N (i.e., every archimedean component of S is power joined) 
if and only if every homomorphic image of S which is a semilat- 
tice of groups is periodic. 


Let S be a commutative power joined semigroup without idem- 
potents. Fix a € S and define a function x on S by: 


Te 
oe a ee if x* = a”, 


Show that x is a homomorphism of S into the semigroup of positive 
rationals under addition, and that the congruence 6 induced by x is 
given by: 


x@y ifandonlyif x*=y" forsome a, 
and is thus independent of the choice of a. 


Find all (G,/) representations of the following semigroups under 
addition: 
i) positive integers, 
ii) positive rational numbers, 
ill) positive real numbers. 


Compute all functions / in 7.3 for G a group of order 2. 


Let S = (G,/) and let Z be the additive group of all integers. Using 
the function J, define a multiplication on the Cartesian product 
H = Z X G in such a way that H is a group isomorphic to the 
quotient group of S, with a subgroup K satisfying KZ and 
H/K=>G. 


11.7.9 REFERENCES: R. E. Hall [1], Higgins [1], [2], Levin 


[1], Levin and Tamura [1], McAlister [1], McAlister and O’Carroll ue 
Petrich [3], Tamura [6], [12]. 
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Ideal Extensions 


If J is an ideal of a semigroup S, we may form the Rees quotient S// 
which intuitively consists of elements of S\J and of a zero which re- 
places 7. The semigroup S is said to be an ideal extension of J by S/I/. 
We solve the ideal extension problem by starting with a semigroup J and a 
semigroup Q with zero and constructing all semigroups S such that / 
is an ideal of Sand Q = S//. 

We approach this problem using left and right translations, and 
quickly note that this method is quite successful in case the future ideal is 
weakly reductive. We then construct explicitly several ideal extensions 
having special properties, such as strict, pure, retract, and dense ex- 
tensions. A brief study is dedicated to an approach to this problem based 
on congruences rather than translations. Finally, for a semilattice Y and 
a semigroup Sy for each a € Y, we construct all semilattice compositions 
with these components. 


Il.1. Extensions and Translations 


We introduce here some basic concepts related to ideal extensions. 
Those concerning the translational hull will be studied in greater detail 


in Chapter V. 
61 


62 IDEAL EXTENSIONS iil 


II.1.1 DEFINITION. Let S be an ideal of a semigroup V. The 
relation 7 defined on V by 


xry ifeither xyCS or x=y, 


is a congruence called the Rees congruence induced by S. The quotient 
semigroup V/r is the Rees quotient semigroup relative to S and is de- 
noted by V/S. 

We usually identify the congruence classes of 7 different from S with 
the single element they contain. Thus we can informally construct the 
semigroup V/S by adjoining to the set V\.S an element 0 not in V\S and 
on the set (V\S) U 0 defining a multiplication * by: 


ie if x,y,xy gS, 
x*y= 
QO otherwise. 


Since S is an ideal, the r-class S, or equivalently the new element 0, acts 
as the zero of V/S. 


{11.1.2 DEFINITION. If S is an ideal of a semigroup V, then V 
is said to be an ideal extension of S by the Rees quotient semigroup 
V/S. Further V is a proper extension of Sif V # S. 


To simplify the terminology, we will often say that V is an ideal ex- 
tension of S, or if no other kind of extension is considered, we will simply 
call V an extension of S. 

To solve the extension problem for semigroups, we start with a semi- 
group S and a semigroup Q with zero (to avoid trivialities Q must have 
at least one nonzero element) and construct all semigroups V having an 
ideal S’ such that S&S’, V/S’ = Q. There is no harm in identifying 
S’ with S and Q* = Q\0, with V\S, so we can take V= SU Q*, 
of course assuming that S and Q* are disjoint. The problem reduces to 
finding all associative multiplications on V = S U Q* which agree with 
existing products on S and Q* and make S an ideal of V. 

It is customary to denote the multiplication in V by a special symbol 
rather than by juxtaposition if S and Q are given and V is being con- 
structed. However, if V is given, with multiplication denoted by juxta- 
position as usual, or is being constructed but there is no danger of 
confusion with the multiplications in S or Q, we will have no special 
symbol for its multiplication. 
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Let S be an ideal of a semigroup V. Since S is an ideal of V, each 
v € V induces the following two functions on S: 


As — Ds, p’:s — sv (s € S). 


We write \” on the left and p” on the right of its argument without paren- 
theses and note that for all x,y € S, v,u € V, 


A(xy) = Crx)y, — (xy)p” = x(yp’) 
x(A*y) = (xp’)y, — (A*x)p* = A(Xp*) 


which is nothing but the associative law for certain triples in V. This 
observation motivates the introduction of the following concepts. 


11.1.3 DEFINITION. Let S be a semigroup and let x and y denote 
arbitrary elements of S. A function \ on S is a /eft translation of S if 
Mxy) = (Ax)y; a function p on S is a right translation of S if (xy)p = 
x(yp). A left translation \ and a right translation p are linked if x(Ay) = 
(xp)y in which case the pair (,) is a bitrans/ation of S. We can consider a 
bitranslation (\,p) as a “‘bioperator,”’ i.e., as the function » written on 
the left and as the function p written on the right, in which case it is 
convenient to use a single letter, say w, and write wx and xw for any 
Xiewo: 

A left translation \ and a right translation p are permutable if (Ax)p = 
xp). A set T of bitranslations of S is permutable if for any (A,p),(\’,p’) © 
T, we have that \ and p’ are permutable. 


The set A(S) of all left translations of S is a semigroup under the usual 
composition of functions: (AX’)x = d(\’x) for all x € S; similarly the 
set P(S) of all right translations of S is a semigroup under the composition: 
x(pp') = (xp)p’ for all x € S. It is easy to verify that the product of two 
bitranslations is again a bitranslation, which leads us to the following 


fundamental concept. 


11.1.4 DEFINITION. The subsemigroup of the direct product 
A(S) X P(S) consisting of all bitranslations of S is the translational hull 


of S, to be denoted by (S). 


Certain particularly interesting bitranslations are obtained as follows. 
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11.1.5 DEFINITION. Let s be an element of a semigroup S. Then 
the function ),; defined by \,x = sx for all x € S is the inner left trans- 
lation induced by s; similarly the equation xp, = xs defines the inner 
right translation ps induced by s; finally the pair +; = (As,ps) 1s the inner 
bitranslation induced by s. The set II(S) of all inner bitranslations is the 
inner part of QS); we analogously define the sets [(S) and A(S) of all 
inner left and of all inner right translations of S as the inner part of A(S) 
and P(S), respectively. 


11.1.6 LEMMA. In any semigroup S, we have 
1) As = sy PsP = Psp (S:€.S, N.G-ACS), p €_P(S)): 
li)~ rs = Tas, TsO = Tse (s € S, w € OS)). 


Proof. With the notation as in the statement of the lemma and any 
x € S, we obtain 


ON) = XOX) = AG) = OS) = Wak 


proving that \A; = Ay;, similarly for the second part of i). If 
Q,p) € QOS), then 


X(pps) = (Xp)ps = (Xp)s = x(AS) = Xprs 
proving that pp; = pys. This together with the first formula in i) 


establishes the first formula in ii); the second part of ii) is proved 
analogously. 


ELT COROLEARY- For any semigroup S, I(S) is a left ideal of 
ACS), ACS) is a right ideal of P(S), II(S) is an ideal of 2(S). 


Proof. Exercise. 


It is easy to see that the mapping 
EES = ie (s € S) 


is a homomorphism. It is referred to as the canonical homomorphism 
from S into Q(¢S) (or onto T(S)). 

Several kinds of restrictions on a semigroup occur often in connection 
with translations and extensions. 
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III.1.8 DEFINITION. A semigroup S is 
i) weakly reductive if for any a,b € S, ax = bx and xa = xb for 
all x € S imply a = 6 (equivalently the canonical homomorph- 
ism 7:S — Q(S) is one-to-one). 
ii) globally idempotent if for every a € S there exist x,y € S such 
that a = xy (usually written S2 = S). 


The next three lemmas will be quite useful. 


1.1.9 LEMMA. Any two bitranslations of a weakly reductive semi- 
group S are permutable. 


Proof. For any x,y € S and (\,p), (\’,p’) € Q(S), we obtain 


X[Qy)e'] = [xQy)]e’ = [xe)y]e" = pO’) = xe’), 
[QAv)e]x = Qy)O'x) = AVX) = Mex] = [ACve’) |x 


which by weak reductivity implies (Ay)p’ = AC’). 


1.1.10 LEMMA. In a globally idempotent semigroup S, every left 
translation is permutable with every right translation. 


Proof. For any x,y € Sand X € A(S), p € PCS), we obtain 
[Mxylo = [Ax)ylo = Qx)(ve) = Ax(vp)] = NOw)el 


which by global idempotency implies (As)p = \(sp) for all s € S. 


IlJ.1.11 LEMMA. If S is either a weakly reductive or a globally 
idempotent semigroup and w,w’ € Q(S) are such that wr; = w’7; and 
a; = mw’ for all s € S, then w = w’. 


Proof. With the given equations, we have 7., = To's and 7,,; = 
Tso’ by 1.6, and in the case of weak reductivity, we obtain ws = 
w’s and sw = sw’ for all s € S. It further follows that for any 


xy ES, 
w(xy) = (wx)y = (@'x)y = w'(xy) 


and analogously (xy)w = (xy)w’, which in the case of global 
idempotency implies ws = w’s and sw = sw’ for all s C S. 
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We now return to extensions. The next result is simple but is of basic 
importance to this subject. 


I.1.12 THEOREM. Let S be an ideal of a semigroup V. The 
mapping 


r= (V:S):0> = (%') (WEY), 
where for each v € JV, 
N's. 05, Sp” =-S0 (s € S), 


is a homomorphism of V onto a semigroup of permutable bitranslations 
of S and extends the canonical homomorphism 7:S — Q(S). If S is 
weakly reductive or globally idempotent, then 7 is the unique extension 
of z to a homomorphism of V into (5S). 


Proof. That + maps V onto a set of permutable bitranslations 
of S follows from the formulas preceding 1.3 which served as a 
motivation for the definitions involving translations. The homo- 
morphism property of 7 is easy to verify and is left as an exer- 
cise. From the very definitions, it is clear thatz extends 7. Sup- 
pose next that w:v— w is another homomorphism of V into 
Q(S) extending 7. Then for any v € V and s € S, we obtain 


w'Ts = ww = WS = T,, = 7 = 7S = 7'Ts 

and dually 75’ = mr”. Since this holds for all s € S, we deduce 
by 1.11 that w = 7’, which then shows that w = 7 whenever S 
is either weakly reductive or globally idempotent. 


It is convenient to introduce two new concepts. 


If.1.13 DEFINITION. The mapping 7(V:S) is the canonical 
homomorphism of V into Q(S). The image of V under 7(V:S) is the type 
of the extension V of S and will be denoted by T(V:S). 


Note that the canonical homomorphism 7:5 — Q(S) is a special 


case of the one just introduced. If necessary, we will write 7(V:S) in- 
stead of 7’. 
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I11.1.14. Exercises 


Show that if every element of a semigroup S has a left and a right 
identity, then every homomorphic image of S is weakly reductive, 
and that the converse holds if S is commutative. 


Show that a finite commutative semigroup S is globally idempotent 
if and only if every homomorphic image of S is weakly reductive. 


Show that a nontrivial semigroup S is globally idempotent if and 
only if no nontrivial homomorphic image of S is a zero semigroup. 


Prove that a semigroup S is commutative, It-simple and contains 
an idempotent if and only if S is either an abelian group or an ex- 
tension of an abelian group by a commutative nil semigroup. (A 
semigroup Q with zero is called nil if for every q € @ there exists 
a positive integer m such that qg" = 0.) 


Show that a semigroup S is finite and cyclic if and only if S is either 
a finite cyclic group or an extension thereof by a nil cyclic semi- 
group. 

Let S be a globally idempotent semigroup and an ideal of a semi- 
group 7, and T be an ideal of a semigroup V. Show that S is an ideal 
of V. 

Show that an extension V of a weakly reductive semigroup S by a 
weakly reductive semigroup Q is itself weakly reductive, but that 
the converse does not hold in general. 

Prove that in a semigroup S every semilattice congruence is a Rees 
congruence induced by some ideal of S if and only if S is %-simple 
or an extension of an 9(-simple semigroup by a Kronecker semigroup. 
Show that if S is a semigroup without idempotents, then I[(S) has 
no idempotents. 


IJ.1.15 REFERENCES: Clifford [2], Grillet and Petrich [1], [2]. 


111.2. Extensions of a Weakly Reductive Semigroup 


We have seen in the preceding section that to find all extensions V of a 


semigroup S by a semigroup Q with zero and disjoint from S, we may 
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take V = SU Q* where Q* = Q\0, and on V find all associative 
multiplications which agree with the existing products in S and- Q* 
and make S an ideal of V. This actually gives an isomorphic copy of all 
semigroups V having S as an ideal satisfying V/S = Q. 

The first result concerns extensions of an arbitrary semigroup. To 
state it we need two new concepts. 


III.2.1 DEFINITION. Let S be a semigroup and Q be a semi- 
group with zero. A function 6:Q*—S is a partial homomorphism if 
(ab) = (a0)(b0) whenever a,b,ab © Q*. A function mapping the set 
{(a,b) | a,b € Q*, ab = 0} into S is a ramification function of Q into S, 
to be denoted by [, ]:(a,5) — [a,}]. 


I1.2.2 THEOREM. Let S and Q be disjoint semigroups and let Q 
have a zero. Let 6:Q* — Q(S) be a partial homomorphism mapping Q* 
onto a set of permutable bitranslations. and let[,] be a ramification 
function of Q into S. We use the notation 6:a — 62 = (\4,9") and as- 
sume: 


(Cl) 670° = m14,5) if ab 

(C2) [ab,c] = [a,bc] if abe =\0, abi.0; be’ 0; 
(C3) [ab,c] = [b,c] if yb. ==, 0.bc,= 0, 

(C4) [a,bc] = [a,b]p¢ if ab= 0, be = 0, 

(C5) [a,b]p¢ = [b,c] it, ap = be —. 0. 


On the set V = S U Q* define a multiplication « by: 


(M1) ( ap? if aé€S,b Ee Q*, 
(M2) wa pe \b i ae. O*, b eS; 
(M3) [a,b] if d.bve O- 7 abs= 0) 
(M4) ( ab otherwise. 


Then V is an extension of S by Q, and conversely, every extension of S by 
Q can be so constructed. 


Proof. The proof of the direct part consists of a straightforward 
verification of the associative law by considering various cases; 
the definition of multiplication clearly shows that Sis an ideal of 
V. The converse is also easy to prove. For if V is an extension of 
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S, each element of V induces a bitranslation of S by the restric- 
tion of the inner bitranslation of V restricted to S, as we have 
seen in the preceding section. As for the ramification function, 
we define [a,b] = ab, the product in V, for any two elements 
a,b € Q* for which ab = 0 in Q with Q = V/S. The conditions 
on the parameters @ and [,] above as well as the formulas for 
multiplication follow without difficulty. A detailed proof is left 
as an exercise. 


It takes only a little reflection to realize that the above theorem is 
nothing else but the disguised associative law in V and the requirement 
that S be an ideal of V. However, this theorem gives a general procedure 
for construction of extensions from which various special cases can be 
easily derived. It further shows that every extension of S by Q can be 
given by the two parameters @ and [,], and we write 


V = (S,Q;6,[ , |). 


In order to review all extensions of S by Q, one classifies them ac- 
cording to equivalence defined in some more or less arbitrary way. 
We will mention only one of these. 


II.2.3 DEFINITION. For S a subsemigroup of semigroups V and 
Vv’, a homomorphism of V into V’ which leaves the elements of S fixed 
is an S-homomorphism; an S-isomorphism is an S-homomorphism which 
is also one-to-one and onto; an S-endomorphism of V is an S-homo- 
morphism of V onto S. If S is an ideal of both V and V’, and V and V’ are 
S-isomorphic, then V and V’ are equivalent extensions of S. 


II.2.4 PROPOSITION. Two extensions V = (S,Q;6,[ ,]) and V’ = 
(S,Q';6’,[, ]’) are equivalent if and only if there exists an isomorphism y 
of Q onto Q’ such that 6 = 6’ and [a,b] = [ay,by)’ for all a,b € Q* for 
which ab = 0. 


Proof. First let ¢ be an S-isomorphism of V onto V’. Define 
y on Q by: VI ox = ¢| ae and Oy = 0’. Ifa,b € Q* andab = 0, 
then 


[a,b] = ab = (ab)y = (ag)(be) = (ap)(by) = [ap,by]’. 
Further, for any a € Q and s € S, we obtain 


Ms = as = (as)p = (ag)(se) = (ap)s = Nits 
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and analogously sp? = sp’*¥, which together can be written as 
6 = w0’. For the converse, we define ¢ to be the function on V 
which agrees with y on Q* and is the identity map on S. It is 
left as an exercise to verify that y is a homomorphism, all other 
properties being obvious. 


Equivalent extensions should be considered as essentially the same. 
The two preceding results are simplified considerably in the following 
special cases: (i) Q has no zero divisors (equivalently, S is a completely 
prime ideal), in this case @ is a homomorphism and the ramification 
function and hence also conditions (C1){CS5) are omitted; (ii) Sis weakly 
reductive — for this case we have the following result. 


II.2.5 THEOREM. Let S be a weakly reductive semigroup and Q 
be a semigroup with zero disjoint from S. Let 6:Q* — Q(S) be a partial 
homomorphism, in notation @:a— 6* = (\4,97), with the property 
that 999° € II(S) if ab = 0. Define a multipication * on V = S U Q* by 
(M1), (M2), (M4) and 


(M3’) ax*b=c where 0@=7n7, if ab€ QO*, ab=0. 


Then V is an extension of S by Q, and conversely, every extension of S by 
Q can be so constructed. 


Proof. Let @ be given as above. By 1.9 any two bitranslations of 
S are permutable. Because of the condition on @ and the weak 
reductivity of S, we may define a ramification function by the 
requirement 


(a,b) = 0°05 if a,b € Q*, ab = 0. 


Then (C1) and (M3) in 2.2 are trivially satisfied. Let a,b,c € ee 
If abc = 0, ab # 0, bc ¥ 0, we obtain 


Mahe Qabac = 629g =— Gabe = Ta,be} 
and (C2) holds. If ab # 0, bc = 0, using 1.6 we obtain 


Ttab,e) = O98 = 96H) = O9ar 1H.) = TeXL,c) = Tr tb,0] 
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and (C3) holds; (C4) is symmetric. Finally if ab = be = 0, then 
using 1.6 twice we have 


Tla,blo° = Table = Ta,b}0° = 990° = 09x (5,c) = Tos,0] = Tr5,c] 


proving (C5). By 2.2, V is an extension of S by Q. 

Conversely, let V be an extension of S by Q. By 2.2, we have 
V = (S,Q;0,[ , ]) where 6 trivially satisfies the conditions in the 
statement of the theorem. 


The theorem and its proof show that in the case of a weakly reductive 
semigroup S, condition (C1) uniquely determines the ramification func- 
tion, (C2)(C5) are automatically satisfied, and in addition, any two 
bitranslations of S are permutable. This of course makes the theorem 
much more susceptible to successful applications than the theorem 
which deals with the general case. We will write in such a case V = 
(S,Q;0). It is convenient to introduce the following concept. 


IJJ.2.6 DEFINITION. Let S be a weakly reductive semigroup and Q 
be a semigroup with zero. A partial homomorphism @:Q* — Q(S) such 
that 60° € TI(S) if a,b € Q*, ab = 0 is an extension function, 


We can sum up the theorem by saying that an extension of a weakly 
reductive semigroup S by a semigroup Q with zero is uniquely deter- 
mined by an extension function Q* — (5S). 


III.2.7 COROLLARY. Two extensions V = (S,Q;@) and V’ = 
(S,Q’;0’) of a weakly reductive semigroup S are equivalent if and only if 
there exists an isomorphism y of Q onto Q’ such that @ = y0’. 


Proof. This follows easily from 2.5 and-2.4. 


II.2.8 EXAMPLE. We will illustrate the theory above by con- 
structing all extensions of the semigroup P of positive integers under 
addition by a semigroup Q with zero. For this we first need the transla- 
tional hull of P. If \ € A(P), then for anyn > 1, \n = 11+ (n— 1)) = 
\1 + n — 1 which shows that \ is completely determined by its value 
at 1. Further, if \1 = 1, then ) is the identity mapping on P, otherwise 
\l =k > 1 implies \ = \«-1. The same argument is valid for right 
translations. If (A,p) € QS), then (1p) + 1 = 1+ (1) which shows 
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that \l = Ip. Hence Q(S) & N, the semigroup of nonnegative integers 
under addition. We identify 2(S) with N, and immediately see that ex- 
tension functions 6:0* — N are given as follows: @ is a partial homo- 
morphism such that a0 + bé > 0 if ab = 0. By 2.5, the corresponding 
extension has the multiplication according to the formulas: 


men=nem=m-+n if mane P, 
nea= axn=n+a0 if ne Pace Q*, 
ela ite aj) © O-70U =A, 


Sieadl: if la.bab On 
By 2.7, two such extensions are equivalent if and only if there exists 
an isomorphism y of Q onto Q’ such that @ = 6’. In the case O = P», # is 
essentially an endomorphism of P. Such an endomorphism is uniquely 
determined by its value at 1, so we can write 6 = 6; if 18 = k, and hence 
m6, = km. The mixed products are then given by: 


m*xa=axem=m- k(ag) if me P, iG O*, 


where ¢ is an isomorphism of Q onto P. Since P has no automorphisms 
different from the identity mapping, ¢ is the unique isomporhism of Q 
onto Pe. Hence the extension is completely determined by the positive 
integer k. It is a simple exercise to show that for k ¥ k’, the corre- 
sponding extensions are not equivalent. This gives a complete description 
of all extensions of an infinite cyclic semigroup by such a semigroup 
with a zero adjoined. 


Il1.2.9. Exercises 


1. Let V be an extension of a weakly reductive semigroup S by a semi- 
group Q with zero. Show that for any idempotents e € Q* and 
f€S,e =fif and only ii (V:S) > ry. 


2. Show that if V is an extension of a commutative semigroup S, which 
is also either weakly reductive or globally idempotent, then S, is 
contained in the center of V. 


3. Show that an extension of a weakly reductive commutative semi- 
group S by a commutative semigroup Q with zero is commutative. 
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4. Give an example of a noncommutative semigroup which is an ex- 
tension of a commutative semigroup by a commutative semigroup. 


5. Show that there exists no extension of an infinite cyclic semigroup by 
any Kronecker semigroup of order greater than 2. 


IIJ.2.10 REFERENCES: Clifford [2], McNeil [1], Petrich [8], 
Tamura [10], Verbeek [1], Yamada [8], Yamada and Tamura [1], Yoshida 
[1], Yoshida et al. [1]. 


11.3. Strict and Pure Extensions 


For V an extension of S, we have defined in III.1 the type of the ex- 
tension T(V:S) as the image of V under the canonical homomorphism 
7(V:S). We know that T(V:S) always contains II(S) since 7(V:S) maps 
S onto II(S). This suggests the introduction of two kinds of extensions 
extremal relative to the properties of their types. 


II.3.1 DEFINITION. An extension V of a semigroup S is strict 
if its type coincides with II(S); V is a pure extension of S if r4(V:S) € 
II(S) implies that a € S. 


It should first be noted that S is its only extension which is simul- 
taneously strict and pure. We can rephrase these definitions as follows: 
V is a strict extension of S if and only if every element of V induces an 
inner bitranslation of S; V is a pure extension of S if and only if just the 
elements of S induce inner bitranslations of S. If we write V = (S,Q;6,[, ]), 
then 77 = 67 if a € V\S and 74 = aa if a € S. Thus V is a strict extension 
if and only if @ maps Q* into II(S), pure extension if and only if @ maps 
Q* into Q(S)\II(S). The next result shows that strict and pure extensions 
occur naturally in every extension. 


II.3.2 THEOREM. For an extension V of a semigroup S, the 
complete inverse image K of II(S) under 7(V:S) is the greatest strict 
extension of S' contained in V; furthermore V is a pure extension of K. 


Proof. Since 7(V:S) is a homomorphism and T(V:S) contains 
I1(S), K is an ideal of V, so V is indeed an extension of K. Since 
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7(V:S) maps S onto II(S), we must have S C K, so K is an ex- 
tension of S. It is obvious that K is then a strict extension of S. 
If V’ is an extension of S and a subsemigroup of V, then 7(V’:S) 
is the restriction of 7(V:S) to V’. Hence if V’ is a strict extension 
of S, we must have V’C K. Let v € V and suppose that 
7(V:K) € I(K). Then for some a € K, we have vk = ak and 
kv = ka for all k € K. This holds in particular for all s € S, so 


7(V:S) = 7(V:S) = 74(K:S) € TI(S) 


which implies that v € K proving that V is a pure extension of K. 


I1I.3.3 COROLLARY. Every extension of S by Q is a pure extension 
of a strict extension. If Q has no proper nonzero ideals, an extension of S 
by Q is either strict or pure (recall from I.4 that Q is either 0-simple or 
a zero semigroup of order 2). 


The above theorem can be used as an alternative way of constructing 
extensions if we are able to effectively construct these two special kinds 
of extensions. This seems to be possible in a simple enough form only 
for extensions of weakly reductive semigroups, and we now turn to this 
problem. 


I1J.3.4 DEFINITION. Let S and S’ be semigroups with zeros 0 
and 0’, respectively. A homomorphism ¢ of S into S’ is pure if se = 0’ 
holds if and only if s = 0. 


11.3.5 PROPOSITION. Let S be a weakly reductive semigroup and 
Q be a semigroup with zero. Let @:Q — Q(S)/II(S) be a pure homo- 
morphism. Then V = (S,Q;6\o*) is a pure extension of S by Q, and 
conversely, every pure extension of S by Q can be so constructed. 


Proof. In the direct part, we consider 6|g9* as a function from 
Q* into Q(S)\II(S); it then follows immediately from the hy- 
pothesis on @ that @|g* is an extension function which thus 
determines a pure extension of S. Conversely, let V be a pure 
extension of S by Q. Then by 2.5, we can write V = (S,Q;y) 
where ¥:Q* — Q(S) is an extension function. Since the ex- 
tension is pure, ¥ maps Q* into Q(S)\II(S). We define 0:0 > 
Q(S)/II(S) to agree with y on Q* and to map the zero of Q onto 
the zero of Q(S)/II(S). That @ is a pure homomorphism now 
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follows from the hypothesis that the extension is pure and that 
y is an extension function. It is finally clear that V = (S, Q30| 0x), 
as required. The details of this proof are left as an exercise. 


The second part of our program, a construction of strict extensions of a 
weakly reductive semigroup, will be postponed until the next section 
where it will be considered in its natural frame of retract extensions. 


111.3.6. Exercises 


1. Let S be any semigroup and Q be a Kronecker semigroup such that 
|Q| > |Q(S)/TICS)|. Show that there exists no pure extension of S by 
Q. Deduce also that if S has no idempotents, then there exists no 
extension of S by Q. 


2. Let S be a semigroup without idempotents and Q be a semigroup 
which is either regular or periodic. Show that every extension of 
S by Q is pure. 


3. Let S be a semigroup whose translational hull contains only one 
idempotent. For n > 1 and F a field, let Q be the set of all n X n 
matrices over F having at most one nonzero entry. Show that Q isa 
semigroup under multiplication of matrices and that every extension 
of S by @Q is strict. Give an example of a semigroup satisfying the 
condition imposed on S. 


11.3.7 REFERENCES: Grillet and Petrich [1]. 


11.4. Retract Extensions 


The construction of strict extensions of a weakly reductive semi- 
group follows a pattern which yields a new kind of extension for an 
arbitrary semigroup. For this reason, we will first discuss this kind of 
extension for the general case, and then prove that, as a special case, 
we obtain all strict extensions of a weakly reductive semigroup. Recall 
2.3, the definition of an S-endomorphism. 
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III.4.1 LEMMA. Let S be any semigroup, Q be a semigroup with 
zero disjoint from S, and 7:Q*— S be a partial homomorphism. On 
V =SU Q* define a multiplication * by 


(M1”) a(bn) if a€ A, bE Q*, 
(M2") oa fiel | (anb. if a€ Q*,bES, 
(M3’’) (an)(bn) if a,b € Q*,ab = 0, 
(M4” = M4) [ ab otherwise. 


Then V is an extension of S by Q. Moreover, the function which is the 
identity on S and agrees with » on V\S is an S-endomorphism of V. 


Proof. In order to use 2.2, we define 6 and [, ] by: 
0° = ta, [a,b] = (an)(bn) if ab=0 (ab € Q%*). 


Then 6 maps Q* into II(S), any two elements of which are per- 
mutable, and is a partial homomorphism since 7 is (indeed @ = 
nr). For a,b € Q* with ab = 0, we obtain 


620° = TaqTby = Tan)(by) = Ta.b) 


and (C1) in 2.2 is satisfied. The verification of conditions (C2)— 
(C5) is just as simple and is left as an exercise. Multiplication 
formulas (M1)-(M4) evidently agree with (M1’’)-(M4’’) above. 
Hence V is an extension of S by Q by 2.2. The last assertion of 
the lemma follows immediately from the properties of 7 relative 
to the multiplication in V. 


Il1.4.2 LEMMA. Let V be an extension of S by Q and let ¢ be an 
S-endomorphism of V. Then 7 = g|y,s is a partial homomorphism from 
Q* into S, and the extension V is determined by 7 as in 4.1. 


Proof. Exercise. 


It is customary to call the extension V in 4.1 ‘‘determined by a partial 
homomorphism.” However, in view of both 4.1 and 4.2, such extensions 
V coincide with those having an S-endomorphism. This suggests a 
somewhat less cumbersome terminology as follows. 
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III.4.3 DEFINITION. Let V be an extension of a semigroup S. 
Then S is a retract ideal of V, and V is a retract extension of S if V has 
an S-endomorphism; we may also say that its restriction to V\S = Q* 
is a partial homomorphism determining the extension. 


IlI.4.4 PROPOSITION. Every retract extension V of a semigroup 
S' is strict. If S is weakly reductive, then the converse also holds and 
V has only one S-endomorphism. 


Proof. The first statement follows from the first part of the proof 
of 4.1. If Sis weakly reductive and V is a strict extension of S by 
Q, say V = (S,Q;0), then 6x—! is a partial homomorphism of 
Q* into S, and it is very easy to see that it determines the exten- 
sion. The proof of the last statement of the proposition is left 
as an exercise. 


Necessary and sufficient conditions for the validity of the converse 
will be established in 6.10. We now answer the following question: Which 
semigroups are retracts of every extension? 


IlI.4.5 PROPOSITION. A semigroup S is a retract of every ex- 
tension if and only if S has an identity. 


Proof. Necessity. In particular, S must be a retract of the ex- 
tension V which consists of S and an identity e adjoined to it. 
If y is an S-endomorphism of V, then for every s € S, we have 


s(eg) = ste =s=e*s = (ey)s 
proving that eg is the identity of S. 


Sufficiency. Let V be an extension of S. Let 1 be the identity of 
S, and define ¢ by: ve = v «1 for all v € V. Then ¢ leaves S 
elementwise fixed and for any x,y € V, we have 


(x*ylo = (xey)#1 = x*(y* 1) = x*[l*O*D] 
= (x* I) * 1) = xe* Ye, 


so y is an S-endomorphism of V, and V is a retract extension 
of S. 
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Since retract extensions can, in general, be more easily constructed 
than many other kinds of extensions, it is of interest to know whether a 
given extension is a retract extension by the criteria involving special 
elements or subsets of the extension. We will prove only one such result 
for the important class of regular semigroups. 


Ill.4.6 LEMMA. Every regular semigroup is weakly reductive. 
Proof. Exercise. 


The desired theorem can now be established. 


IlI.4.7 THEOREM. Let V be an extension of a regular semigroup 
S by a semigroup Q with zero each of whose elements has either an 
idempotent left or right identity. Then V is a retract extension of S if 
and only if every element of Q* has an idempotent left or right identity 
e such that the set M. = {f € Es|f << e} admits a greatest element. 


Proof. Necessity. Let ¢ be an S-endomorphism of V and let 
e € Eos. Then 


e* (eg) = (ey)(eg) = (eg) *e = eg 
and thus eg € M.. If f © M., then 
fley) =fre =f =exf = (eof, 
which implies that f < ey. Thus eg is the greatest element of M.. 


Sufficiency. We now denote multiplication in V by juxtaposition. 
We show first that M. ~ @ for every idempotent e in Q*. Let 
e be such an idempotent and let P = eSe. Then P is a subsemi- 
group of S. If x € P, then x = eye for some y € Sand x = xzx 
for some z € S since S is regular. Consequently 


x = (eye)z(eye) = (eye)(eze)(eye) = x(eze)x, 


where eze € P. This says that P is regular, and hence P contains 
an idempotent, say f. But then f = ewe for some w € S, sof = 


ef = fe, i.e., f < e, and therefore f © M.. Denote the greatest 
element of M, by é. 
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Next let a € Q*, and let e be an idempotent left identity of a 
(the case in which we assume that e is a right identity is proved 
similarly), and let x be an arbitrary element of S. Then ax = 
fina for some u € S by the regularity of S. Let ¢ = axue; 
then 


1? = (axue)(axue) = (axu)(axu)e = (axu)e = t 
and clearly ¢ < e so that t < @. Hence ‘ 


ax = (ax)u(ax) = (axue)ax = t(ax) 
= (2t)(ax) = e(tax) = eax). (1) 


Moreover, xe = (xe)v(xe) for some v € S. Let s = evxe; then 
s? = (evxe)(evxe) = e(vxe)(vxe) = e(vxe) = s, 
and clearly s < e so that s < &. Hence 


(xe)a = (xevxe)a = x(evxe)a = xsa = x(sé)a 
x(evxe)éa = (xe)éa = x(e@)a = x(éa). (2) 


xa 


From (1) and (2), respectively, we obtain 


MX = ax = 2ax = AgeX (x € S), 


XP NG On) = Kaz, (x € S). 


Hence r4 = za € II(S). Consequently the extension V is strict 
and hence a retract extension by 4.6 and 4.4. 


The restriction on Q in the above theorem is a mild one; it is satisfied 
in a regular semigroup (for if a = axa, then ax and xa are idempotent 
left and right identities of a, respectively), or in a semigroup having a 
left or right identity e, in which case, it suffices to require that M-. have 
a greatest element for this element alone. The next construction provides 
a simple way of extending a semigroup to a “‘very similar”’ larger semi- 


group. 


11.4.8 DEFINITION. To every element s of a semigroup S associate 
a set Z, such that: the sets Z, are pairwise disjoint and Z,; M S = {s}. 
The set V = U,¢sZ, together with the multiplication x * y = ab if 
x € Z,, y © Zp, is an inflation of S. The function §:V—S which for 
all s © S, maps Z, onto s is an inflation function. 
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III.4.9 PROPOSITION. A semigroup V is an inflation of a semi- 
group Sif and only if V is a retract extension of S by a zero semigroup Q. 


Proof. For the direct part, it is easily verified that every inflation 


BP 


Sac 


function is an S-endomorphism, and the form of the multiplica- 
tion obviously implies that Q is a zero semigroup. Conversely, 
if £ is an S-endomorphism and Q is a zero semigroup, then let- 
ting Z, = {v € V | vt = s}, one verifies without difficulty that 
£ is an inflation function. The details of this proof are left as an 
exercise. 


1.4.10. Exercises 


Let V be an extension of a weakly reductive globally idempotent 
semigroup S by a semigroup Q with zero. Construct the trans- 
lational hull of V in terms of the translational hulls of S and Q and 
find its inner part. 


Prove that every extension of a semigroup S is strict if and only if 
S has an identity. 


Prove that a semigroup S for which S? is a semilattice of groups is 
an inflation of S?. (Hint: Show that a? € G., b2 © Gy implies 
ab € Gefn) 


Show that a semigroup S is an inflation of a band (semilattice, 
rectangular band, left zero semigroup, respectively) if and only if 
it satisfies the identity xy = x2y? = (xy)? (xy = px = x2y, xyz = 
XZ, Xy = x2, respectively). 


Let S be a regular semigroup, Q be a 0-simple semigroup. Let V 
be an extension of S by Q and assume that there exists an idem- 
potent e in Q* for which the set M. = {f € Es|f<e} has a 
greatest element. Prove that V is a retract extension of S by Q. 


Let y be an /-endomorphism of a semigroup S for sonie ideal J of S. 
Show that ¢ written on the left (right) is a left (right) translation of 
S and that the two are linked and permutable. 


Let S be a regular semigroup. Show that the set of all /-endo- 
morphisms of S, where / runs over all retract ideals of S, is a semi- 
lattice with identity under the composition of transformations. 
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Ii1.4.11 REFERENCES: Arendt and Stuth [2], Petrich [5], 
[7], [10], Putcha and Weissglass [1], Schwarz [2], Tamura [14], Tully [1] 


I1.5. Dense Extensions 


There is yet another kind of extension which appears quite frequently. 
While the definitions of strict and pure extensions are based on the 
translational hull and that of a retract extension on the notion of a partial 
homomorphism, the concept of a dense extension is based upon con- 
gruences. 


IlI.5.1 DEFINITION. Let S be an ideal of a semigroup V. A con- 
gruence o on V is an S-congruence if its restriction to S is the equality 
relation on S. Let 3 = S(V:S) be the congruence on V induced by 7 = 
7(V:S). If « is any congruence on V, the set o(S) which is the union of all 
o-classes having a nonempty intersection with S is the saturation of S 
by o. If o(S) = S, we say that S is saturated for o. 


III.5.2 THEOREM. Let S be an ideal of a semigroup V. Then every 
S-congruence on V is contained in 3 = 3(V:S), and 3(S) is the largest 
strict extension of S contained in V. If S is weakly reductive, then 3 is the 
greatest S-congruence on V. 


Proof. Leto be an S-congruence on V. Then for any a,b € V and 
s € S,the relationa ob implies as obs and sao sb. But thenas = 
bs and sa = sb since o is an S-congruence, and thus r(V:S) = 
74(V:S) proving that « C 3(V:S). The second assertion follows 
immediately from the first statement in 3.2. The third statement 
follows from the first and the fact that 7(V:S)|s is one-to-one if 
S is weakly reductive. 


[11.5.3 COROLLARY. An extension V of a weakly reductive semj- 
group S is pure if and only if S is saturated for every S-congruence on V. 


Proof. Exercise. 


We now come to the basic concept of this section. 
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III.5.4 DEFINITION. An extension V of a semigroup S is dense 
if the equality relation is the only S-congruence on V. 


III.5.5 COROLLARY. An extension V of a weakly reductive 
semigroup S is dense if and only if 7(V:S) is one-to-one. 


Proof. If V is a dense extension of S, then 3(V:S) must be the 
equality since by 5.2 it is an S-congruence, so r(V:S) is one-to- 
one. Conversely, if 7(V:S) is one-to-one, then 3(V:S) is the 
equality relation. But by 5.2 we know that 3(V:S) contains all 
S-congruences, so the extension must be dense. 


Note that for any S and V, 7(V:S) is one-to-one if and only if no two 
different elements of V induce the same bitranslation on S. In such a case, 
S is automatically weakly reductive, and we see that, by identifying 
II(S) with S, dense extensions are, up to an isomorphism, simply all 
subsemigroups of (S) containing II(S). 


III.5.6 COROLLARY. Let S be a weakly reductive subsemigroup of 
a semigroup V. Then V is a dense extension of S if and only if there 
exists an isomorphism ¢ of V into Q(S) extending the canonical homo- 
morphism 7:S — ((S). 


Proof. The direct part follows from 5.5 by taking ¢ = 7(V:S). 
Conversely, if g is such an isomorphism, then S is an ideal of V 
since II(S) is an ideal of Q(¢S), and ¢ = 7(V:S) by 1.12 so the ex- 
tension is dense by 5.5. 


IlI.5.7 COROLLARY. If V is a dense extension of a weakly re- 
ductive semigroup S, then every extension of S contained in V is also 
dense. 


Proof. For any extension V’ of S contained in V, we have that 


7(V’:S) is the restriction of 7(V:S) to V’ and hence must be one- 
to-one by 5.5 if V is a dense extension. 


We are now ready for another fundamental concept. 


11.5.8 DEFINITION. An ideal S of a semigroup V is a densely 
embedded ideal if V is under inclusion a maximal dense extension of S. 
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For the present time, we will limit ourselves only to the following 
result dealing with this notion. 


I1I.5.9 THEOREM. A weakly reductive semigroup S is a densely 
embedded ideal of a semigroup V if and only if 7(V:S) is an isomorphism 
of V onto QS). 


Proof. Let S be a densely embedded ideal of V. Hence V is a 
dense extension of S and thus r = 7(V:S) is one-to-one by 5.5. 
If 7 were not onto, then we could in a natural way define a multi- 
plication on V U (Q(S)\T(V:S)) making it a dense extension of 
S strictly containing V, contradicting the maximality of V. 

Conversely, let r be an isomorphism of V onto Q(S). By 5.5, 
V is a dense extension of S. Let V’ be any extension of S strictly 
containing V as a subsemigroup, and let a € V’\V. Then 
72 (V’:S) € QC¢S) and since 7(V:S) maps V onto (S), there exists 
6 € V such that 74(V’:S) = 74(V:S) = 79(V':S). Since a ¥ 5b, it 
follows from 5.5 that V’ is not a dense extension of S. Conse- 
quently V is a maximal dense extension of S. 


In light of 1.12, we can also say that an extension V of a weakly reduc- 
tive semigroup S is a (maximal) dense extension if and only if there exists 
an isomorphism of V into (onto) 2(S) extending the canonical homo- 
morphism 7:S$ — ((S). 


II.5.10 LEMMA. If V and V’ are extensions of a semigroup S, and 
g is an S-homomorphism of V into V’, then 7(V:S) = ¢g[7(V’:S)]. 


Proof. “EXercise: 


III.5.11 PROPOSITION. Two equivalent extensions of any semi- 
group have the same type. Conversely, any two dense extensions of a 
weakly reductive semigroup having the same type are equivalent. 


Proof. The first statement follows immediately from 5.10. For the 
converse, assume that V and V’ are dense extensions of a weakly 
reductive semigroup S and that T(V:S) = T(V’:S). Then 9 = 
7(V:S) [r(V’:S)|“ is clearly an S-isomorphism of V onto V’ and 
these two extensions are equivalent. 


I11.5.12 COROLLARY. The classes of equivalent extensions of a 
weakly reductive semigroup S can be put in a One-to-one correspondence 
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with the types of S, and consequently, with the set of all subsemigroups 
of 2(S)/II(S) containing its zero. In particular, if S is a densely embedded 
ideal of the semigroups V and V’, then V and V’ are S-isomorphic. 


We will now cast a brief look at the following question: Which prop- 
erties of a semigroup S carry over to all its dense extensions? Several 
weak “cancellative type’ properties, somewhat stronger than weak 
reductivity, will come in handy. 


III.5.13 DEFINITION. A semigroup S is /eft reductive if for any 
a,b € S, sa = sb for all s € S implies a = b; right reductive if as = bs 
for all s € S implies a = 5; reductive if it is both left and right reductive. 


III.5.14 PROPOSITION. A dense extension of a left reductive right 
cancellative semigroup is left reductive and right cancellative. 


Proof. Let V be a dense extension of a left reductive right can- 
cellative semigroup S. Suppose that va = vb for all v € V. Then 
sa = sb for all s € S and hence s(at) = s(bt) for all s,t € S. 
Since s,at,bt € S, left reductivity of S implies at = bt. Con- 
sequently 74 = 7’ which by density implies a = b. Hence V is 
left reductive. 

Suppose next that ac = bc. Then (sa)(ct) = (sb)(ct) for all 
s,t € S. Since sa,ct,sb € S, right cancellativity in S yields sa = 
sb. We have seen above that sa = sb for all s € S implies a = 
b. Hence V is right cancellative. 


L353 COROLLARY. Let V be an extension of a semigroup S. 
Then V is cancellative if and only if S is cancellative and the extension 
is dense. 


Proof. Necessity. If 7+ = 7, then for any s € S, sa = sb so 
that a = 6; S must obviously be cancellative. 


Sufficiency. This is a consequence of 5.14. 


III.5.16 PROPOSITION. A dense extension of a commutative 
reductive semigroup is commutative and reductive. 
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Proof. Let V be a dense extension of a commutative reductive 
semigroup S. Let a,b € V and suppose that va = vb for all v € 
V. In particular, sa = sb for all s € S. For any s,t € S, we ob- 
tain 


s(at) = (sa)t = (sb)t = s(bt) 


so at = bt for all ¢_€ S. It follows that 77 = 7+ and thus a = b. 
Now let x,y € S, a,b € V. Then 


x(yab) = [x(ya)]b = [(ya)x]b = (ya)(xb) 
= (xb)(va) = [(xb)yla = [y(xb)]a 
= (yx)ba =(xy)ba = x(yba) 


which by reductivity yields yab = yba. We have seen above that 
then ab = ba. 


iS COROLLARY: A dense extension of a semilattice is a semi- 
lattice. 


Proof. Let V be a dense extension of a semilattice S. Then 5.16 
implies that V is commutative. For any v € V, s € S, we have 


sv = (sv)? = s2v2 = sv? 


v2, 


so 7? = 7” and thus v 


I1I.5.18 COROLLARY. Let V be an extension of a semigroup S. 
Then V is commutative and cancellative if and only if S is commutative 
and cancellative and the extension is dense. 


Proof. Exercise. 


111.5.19. Exercises 


1. Let S' be any semigroup and V be the semigroup obtained by the 
adjunction of an identity to S. Show that V is either a retract or a 
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dense extension of S. Deduce that if S has no identity, then S! is a 
dense extension of S. 


Show that if V is an extension of S such that r(V:S) is one-to-one, 
then the extension is dense. Deduce that for a globally idempotent 
semigroup S, 2(S) is a dense extension of II(S). 


Let D be a dense extension of a semigroup S, and V be both an 
extension of S and a dense extension of D. Show that V is a dense 
extension of S. 


Let S be a semigroup, (A,p) € (S)\II(S), P be the semigroup gener- 
ated by II(S) U (A,p), and let Q = P/II(S). Prove that there exists 
an extension V of S by Q for which (\,p) * x = Ax, x * (A,p) = Xp 
for all x € Sif and only if \ and p are permutable and if (A,p)" € 
I(S) for some n, then for the smallest such there exists an element 
a of S such that (\,p)" = ma, \a = ap. Also show that such an 
extension is dense, and conversely, if S is weakly reductive, then 
up to equivalence, every dense extension of S by a cyclic semigroup 
with a zero adjoined can be so constructed. 


Prove the following statements concerning an extension V of a 

nontrivial semigroup S. 

i) If V is subdirectly irreducible, then the extension is dense. 

ii) If Sis subdirectly irreducible and the extension is dense, then 
V is subdirectly irreducible. 

ili) If V is subdirectly irreducible and every congruence on S 
is the restriction of some congruence on V, then S is subdirectly 
irreducible. 


Prove that an extension V of a weakly reductive semigroup S is 
pure if and only if there exists an S-homomorphism ¢ of V onto a 
dense extension D of S such that Sg! = 


Let S be a semigroup and Q = G°, a group G with a zero adjoined. 
Prove that there exists an extension of S by Q which is a cancellative 
semigroup if and only if S is a cancellative semigroup without 
idempotents and G is isomorphic with a subgroup of the group of 
units of Q(S). 


Let S be a weakly reductive semigroup without identity whose 
translational hull contains only one idempotent, and let Q be a semi- 
group with zero containing at least two nonzero idempotents 
whose product is zero. Show that there exists no extension of S by 
Q. Give an example of a class of semigroups satisfying the re- 
strictions placed upon S and Q, respectively. 
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III.5.20 REFERENCES: Gluskin [1], [2], [3], [4], [5], Grillet and 
Petrich [1], Heuer [1], Heuer and Miller [1], Kalmanovié [1], Ljapin [1], 
[3], Petrich [16], Sevrin [1 ], [3]. 


Ii1.6. Extensions of an Arbitrary Semigroup 


We have seen in 2.2 how to construct any extension of an arbitrary 
semigroup S. However, the conditions in that theorem clearly indicate 
that the construction in question consists of a convenient way of writing 
the associative law in the extension and the requirement that S be an 
ideal. We have also seen that this approach is quite fruitful when S' is 
weakly reductive, as exhibited by 2.5 and the succeeding results. For 
the general case, in order to get away from mere paraphrasing the as- 
sociative law, we will now devise a different approach to extensions 
based on congruences. 


I1I.6.1 LEMMA. Let V be an extension of a semigroup S. Let o be 
an S-congruence on V and consider V/o as an extension of S. Then 
V/o is a dense extension of S if and only if o is a maximal S-congruence 
on V. 


Proof. The proof is an easy application of I.5.14 and is left as 
an exercise. 


The next theorem gives a general means for constructing an extension 
of an arbitrary semigroup by using a dense extension of such a semigroup. 


11.6.2 THEOREM. Let D be an extension of a semigroup S, and Q 
be a semigroup with zero disjoint from S. Further let ¢:Q*— D bea 
partial homomorphism for which (ag)(bg) € S whenever ab = 0 in Q. 
Let V = S U Q* with a multiplication defined by 


a(be) if Ga E S, b € O* 
\(aebe) if a,b € Q*, ab = Oin Q, 


lab otherwise. 


(ay)b fae OF DSS, 
axb= | 
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Then V is an extension of S, to be denoted by [S,Q;¢,D]. Conversely, 
every extension of S by Q can be constructed in this fashion from some 
extension D of S, which, in addition, may be assumed to be dense and 
satisfy the condition D = S U Q*¢. 


Proof. The proof of the direct part consists of a simple verifica- 
tion of the associative law by considering different cases and is 
left as an exercise. The converse is trivial if we do not impose 
any restrictions on D, for in such a case we can always take D = 
V and ¢ the identity mapping. However, we can construct a D 
with the above properties as follows. Let V be an extension of 
S by Q. In the partially ordered set of S-congruences on V, a 
standard Zorn’s lemma argument shows that there exists a 
maximal S-congruence o on V. Let D = V/a, let v:V — V/o 
be the natural homomorphism, and let ¢ be the restriction of v 
to V\S = Q*. If a,b € Q* and ab ¥ 0 in Q, then (ag)(by) = 
(av)(bv) = (aby = (ab)g and ¢ is a partial homomorphism. If 
a,b € Q* and ab = Oin Q, then ab € Sin V and thus (a¢)(bg) = 
(av)(bv) = (aby = ab € S, as required. Further, we have 
D = Vv = SU Q*¢, and D is a dense extension of S by 6.1. If 
a€éS, 6 € Q, then in V, ab = (ab)y = (av\(bv) = a(be); the 
remaining cases are verified just as easily. This proves that V can 
be obtained from D as in the converse part of the theorem and 
that D satisfies all the additional requirements. 


Note that for a weakly reductive semigroup S, identifying I(S) with 
S, we can take D = Q(S); 6.2 then reduces to 2.5. This theorem reduces 
the construction of all extensions of an arbitrary semigroup S to a deter- 
mination of all dense extensions of S. Unfortunately, except in the 
weakly reductive case, the latter are not available. Nevertheless, the 
above result somewhat clears up the situation concerning extensions of 
an arbitrary semigroup. 


11.6.3 LEMMA. Let o be an S-congruence on an extension V of S. 
Letting v:V — V/o be the natural homomorphism, we have 
T(V:S) = v:1(V/o:8S), TOS) = 17e3s): 
Proof. For any v € Vand s € S, we obtain 


vs = (vs) = (vv(sv) = (vv)s 


TI1.6. EXTENSIONS OF AN ARBITRARY SEMIGROUP 89 


and analogously sv = s(vv) proving the first formula. The sec- 
ond formula follows from the first. 


III.6.4 COROLLARY. Every type of extension is a type of a dense 
extension. 


Proof. Exercise. 


IIT.6.5 PROPOSITION. Every extension V of a semigroup S by a 
semigroup Q with zero is a subdirect product of D and Q, where Disa 
dense extension of S of the same type as V. 


Proof. Let o be a maximal S-congruence on V. Then D = V/c is 
a dense extension of S by 6.1 and has the same type as V by 
6.3. Let v:V — V/o and p:V — V/S be the natural homo- 
morphisms, and define Y:0 — (vv,vu) (v € V). Then y:V— 
D X Qis a homomorphism. If for a,b € V, we have ay = by, 
then av = by and au = bu and we distinguish the following 
cases: (i) if a,b € S, then av = by implies that a = J, (ii) if 
a,b € V\S, then au = by implies that a = 5, (iii) if, e.g., a € S 
and 6 € V\S, then ay = 0 and by ¥ 0 which is impossible. 
Thus y is one-to-one, and since both v and yu are onto, the image 
Vy is a subdirect product of D and Q. 


III.6.6 COROLLARY. Every retract extension V of a semigroup S 
by a semigroup Q with zero is a subdirect product of S and Q. 


Proof. If ¢ is an S-endomorphism of V, then the induced congru- 
ence is an S-congruence, maximal by 6.1 since S is its own dense 
extension. We may now apply the proof of 6.5. 


I1I.6.7 COROLLARY. Every extension V of a weakly reductive 
semigroup S by a semigroup Q with zero is a subdirect product of the 
type of V and Q. Hence 2(S) X Q contains, up to equivalence, all ex- 
tensions of S by Q. 


Proof. The first statement follows immediately from 5.5 and 6.5; 
the second follows from the first. 


Weakly reductive semigroups S can also be characterized by the 
property of a greatest S-congruence in every extension as follows. 
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A semigroup S is weakly reductive if and 


only if in every extension V of S there exists a greatest S-congruence. 


Proof. If Sis weakly reductive and V is an extension of S, then by 


virtue of 5.2, 3(V:S) is the greatest S-congruence on V. Converse- 
ly, suppose that Sis not weakly reductive. Then for some a,b € S, 
we have ra = 1s, a ~ b. Let Q = {0,c} be a zero semigroup, 
and let V be the extension determined by the partial homo- 
morphism ¢g:c > a. Since 7a = 7, V is also determined by the 
partial homomorphism y:c — 6. Extending ¢ and y to all of 
V by letting sp = sy = s for all s € S, we obtain two S-homo- 
morphisms of V. Hence the induced congruences are S-con- 
gruences which are clearly maximal. Thus V has no greatest S- 
congruence. 


extensions. For this we need a new concept. 


IlI.6.9 DEFINITION. 


The next result elucidates the relationship among various kinds of 


Using the notation of 4.8, let T be a subset 


of S. Then V is an inflation of S over T if for all a € S\T, Z, = {a}. 
(Roughly speaking, only the part T of S may be inflated.) 


IlI.6.10 THEOREM. 


are equivalent. 


i) No proper dense extension of S is strict. 
ii) Every strict extension of S is a retract extension. 


The following conditions on a semigroup S$ 


iii) S is an inflation of a weakly reductive semigroup R over 


R\R?. 
iv) For any x,y € S, rx = wy and x € S2 imply x = y. 


Proof. i) implies ii). Let V be a strict extension of S and let o 


be a maximal S-congruence on V. Then by 6.1, V/o is a dense 
extension of S; by 6.3, T(V/a:S) = T(V:S) so that V/o is a 
strict extension of S. The hypothesis then implies that V/c = S. 
Consequently, every element v of V is o-related to a unique ele- 
ment 6 of S, and the mapping v — od is an S-homomorphism, 
proving that V is a retract extension of S. 

ii) implies iii). Let Q be the semigroup I(S) with a zero ad- 
joined, and consider the extension V = (S,Q;6) where 6@ is the 
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identity mapping on II(S). This extension has type II(S) so it is 
strict and thus, by hypothesis, is determined by a partial homo- 
morphism, say ¢. Since Q has no zero divisors, ¢ is a homo- 
morphism and by the definition of this extension, we have 


(rxg)y = 1x *Y = xy = xy, 


and dually, y(rx¢) = yx for all x,y € S. This implies that 
Tr,e = 7x for all x € S. Since z is an onto mapping, ¢7 is the 
identity mapping on II(S). Hence ¢ is one-to-one and a = re 
is an idempotent homomorphism of S into S. The image R of 
S under a is also the image of II(S) under ¢ and R & II(S) since 
y iS One-to-one. 

To prove that S is an inflation over R, first observe that rx. = 
Tr,g = Tx for all x € S. Consequently for all x,y € S, 


XY = Ax) = AxaY = (Xa)y = (Xa)py = (Xa)pya = (Xa)(ya), 
(xa)y = [(xa)yla = (xa?)(ya) = (xa)(ya) = xy. 


We will now prove that R is weakly reductive by showing that 
II(S) has this property (recall that R = II(S)). Let 7,,7, € II(S) 
be such that 


Txhy = WxWz, WyTx = 12x (x € S). 
Since a = zg, we obtain 


xy = (xa)(ya) = (1x9)(ry¢) ae Mg Pu M22 
= (mxe)(12¢) = (Xa)(za) = xz, 


and dually, yx = zx for all x € S. Thus zy = 7:. 

We now show that S is an inflation over R\R?. Take a ¢ S 
such that aa € R2. The proof will be completed when we show 
that a € R. By hypothesis aa = bc for some b,c € R. Let ’,c’ 
be two elements not contained in S. Let V = S U b’ U ec’ with 
the multiplication + defined by 


y= xy, 
XD XD, bx — Dx. ie Ce NC. Ge X= CX, 


/ / 
bf « bo = 62 cad =e, Cob "cb, b ac =a; 
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for all x,y € S. To prove the associativity of *, let x,y,z © V. The 
equation (x * y) *z = x * (y * z) obviously holds if two or more 
of the elements x,y,z are in S. Also if z € S, then 


b! « (b! « z) = b(bz) = (bb)z = (b’ * b’) * z, 
b! * (c’ *z) = b(cz) = (bce)z = (aa)z = az = (b' *« c’) *z. 


The other cases in which one of x,y,z is in S are treated similarly. 
Finally 


b! *(c' * b’) = b(cb) = (bc)b = (aa)b = ab = (b' «c') * B’, 
cle (c’* b!) = c(cb) =(ce)b'= (c' *c') © 5; 


and the other six cases are treated similarly. Consequently V is a 
strict extension of Sby Q = {b,c,0} with Q2 = 0 By hypothesis, 
the extension V is determined by a partial homomorphism £ so 
that a = b’«c’ = (6’B)(c'B). Now using the fact that S2?C R 
(since S is an inflation of R) we have a = (b’B)(c’B) € R. 

iii) implies iv). Suppose that 7x = wy, x € S*. Then x € Za, 
y € Z, for some a,b € R. It follows that 72 = mx = wy = 7 in 
S and thus also mz = 7 in R. Since R is weakly reductive, we 
must have a = b. On the other hand, x € S? implies that Z, = 
{a} = {x} since Sis an inflation of R over R\R2. Thus b = a = 
x € S2 which implies that Z, = {b} = {y} since the inflation is 
over R\R2. Consequently x = y as required. 

iv implies ii) Let V be a strict extension of S and write 7 = 
7(V:S). Let g:V\S — S be any function satisfying the condition 
T’ = tro for all v € V\S; its existence is assured by the axiom of 
choice. Hence vs = (vg)s and sv = s(vg) for all s € S, v € V. 
Next let a,b € V\S. If ab € S, then 


Tab = 79 = 7476 = TapgNby — T (ag) (bg) 
so that ab = (ay)(by) since (ay)(by) € S?. If ab ¢ S, then 
Tiabyg = 72 = 797h = TapTby = T (ag) (by) 


so that (ab)g = (ay)(bg) as before. Consequently ¢ is a partial 
homomorphism and determines the extension. 


li) implies i). If V is a proper strict extension of S, then it is a 
retract extension and hence there is an S-homomorphism ¢ of 
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V. The congruence induced by ¢ is an S-congruence different 
from the equality relation, which proves that V is not a dense 
extension of S. 


IIL.6. 11 COROLLARY. If S is an inflation of a weakly reductive 
semigroup R, then II(S) = R. In particular, if I(S) is globally idempotent, 
and strict and retract extensions of S coincide, then S is weakly reductive. 


Proof. Exercise. 


111.6.12. Exercises 


1. With the notation of 6.2, prove the following statements. 
i) V is a strict extension if and only if D = S. 
ii) V is a pure extension if and only if O*¢ N S= @. 
ili) V is a dense extension if and only if ¢ is one-to-one. 


2. Find all semigroups of order < 4 which are dense extensions of a 
zero semigroup of order 2. 


3. Give an example of a semigroup which is a strict dense extension 
of some semigroup. 


4. Give an example of a noncommutative semigroup which is a pure 
dense extension of a commutative semigroup S by a commutative 
semigroup Q. 


III.6.13 REFERENCES: © Grillet [1], Grillet and Grillet [1], 
Grillet and Petrich [1], Petrich and Grillet [1]. 


III.7. Semilattice Compositions 


Using the extension theory developed in this chapter, we are now 
able to consider the problem opposite to that of semilattice decomposi- 
tion of a semigroup, viz. that of semilattice composition. This problem 
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can be stated thus: Given a semilattice Y and a collection of pairwise 
disjoint semigroups S, indexed by Y, construct all semigroups S which 
admit a homomorphism ¢ onto Y and for which ag~! = S, for all 
a € Y. Stated differently, S can be taken to be the union of all S, and 
must have a multiplication for which SS, © Sag for all a8 € Y. (Cau- 
tion: Such an S need not exist.) The following concept represents a 
ramification of a ‘“‘semilattice of semigroups” defined in II.1.14. 


II.7.1 DEFINITION. A semigroup S is a semilattice Y of semi- 
groups S, if there exists a homomorphism ¢ of S onto the semilattice 
Y such that S, = ag! for alla € Y. 


The next theorem gives a construction for the general case. 


III.7.2 THEOREM. Let Y be a semilattice; for every a € Y let 
Sy be a semigroup, D, be an extension of S,, and assume that D, M 
Di = @ if a esB. 1 Forv every “pair wie Y= such that @ 26, let 
Wa, — Dg be a function satisfying: 
i) wWa,« 18 the identity mapping on S,, 
li) (Sava,as(Sa¥e,a8) © Sas, 
iii) if a8 > y, then for all a € S,, b € Sz, 


((aa,aa)(b¥e,a8)Was.y = (AVa,y(bYs,7). 


On S = U. cy Sa define a multiplication « by: 
axb= (A~a,a8 (bY as) (a e her b € Sa). (1) 


Then Sis a semilattice Y of semigroups S,, in notation S = (Y3S.,Wa,a,Da)- 
Conversely, every semigroup S which is a semilattice Y of semigroups 
Sq can be so constructed. In addition, D, can be chosen to satisfy: 
iv) D. = Ba, where Be = {bWg,.| 6b € Sp, 8 > a}, 
v) D, is a dense extension of S,. 
Furthermore, S is a subdirect product of semigroups B, with a zero 
possibly adjoined. 


Proof. Note that because of ii), a* 6 € Sys in (1), and that iii) 
holds also for a8 = y by i). Let S be as given above. Then for 
a€é S., b € Ss, c € S,, we obtain 


(a * b) * ¢ = [(aPa,as)(bWp ,as)] * C 
= (abe ap (bWg ap) Was ap (CWy a8) 
aa (ava apy) (bye aby (CW a) 
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and similarly a * (b * c) is equal to the same expression. Hence 
Sis a semilattice Y of semigroups S,. 

Conversely, let S be a semilattice Y of semigroups Sy. For 
everya € Y, let F, = Ugs,S3. Then F, is an extension of S, and 
by 6.2 we can write F, = [Sa;Fa/Saife;Da] with all the con- 
ditions on D, in 6.2. Now let go = ¢alsg for all 8 > a, and 
let Ya, be the identity function on S,. Then i), iv), and v) are 
satisfied. Next let a € S., b € Ss. If a < 8, then using i), we ob- 
tain 


(QYa,08)(bWs,08) = A(bga) € Sa = Sag 


since S, is an ideal of D,; the case 8 < a@ is symmetric. If a and 
6 are not comparable, then a,b € Fag\Sag and ab € Sg so that 


(APa,a08)(bWp,08) > (a¢gas)(beag) iS Sap 


since ab = 0 in Fag/Sas. Henceii) and ab = (aa,e8)(bWe,08) have 
been established. 

Suppose that aB > y and let a € S., b € Ss. Then ab € Sag 
and 


[(aWa,a8 (bWs,08) Wap, = (ab)oy 7 (agy)(bey) =o (aWa,~)(bYe,7) 


proving iil). 

For every a € Y, let C. = B, if a is the zero of Y and C, = 
B,, U 0, otherwise, where 0, acts as the zero. Further let 6, be 
defined on S by 


bilge “He DoesS, p> a, 


Oa = | : 
0, otherwise. 


For any b € Sg, c € Sy, we obtain 


(b0a)(Cba) = (bY,aCYy,a) = [(bY8,6yCWy,6y) War.2 
= (be)Wsy,a = (bc)6. 


if By > a, and (b0.)(COa) = Oa = (bc)Oa otherwise. Hence 6. 
is a homomorphism of S onto Cz. 

Now suppose that 50, = c#. for alla € Y. Then 6 > a if and 
only if y > a for all a © Y which implies that 8 = y. But then 
fora = B = y, we obtain b = b0, = Cbg = ¢. 
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Therefore the mapping x defined by: 
x:a—(aa)aey  (a€ S) 


is an isomorphism of S onto a subdirect product of {Ca}acy: 


For a = B, condition iii) implies that the function y.,, is a homo- 
morphism. Condition ii) serves only to make condition iii) meaningful, 
and is automatically satisfied if Y is a chain. The theorem is stated for a 
fixed semilattice Y and given S,; of course, we may let Y belong to 
special class Y of semilattices and S, belong to a special class € of semi- 
groups, in which case we obtain the class 5 of all semigroups S which are 
semilattices Y in Y of semigroups S, in ©. We require here that both Y 
and @ be closed under isomorphisms. If one is given a class $ of semi- 
groups, one takes for the class © the smallest possible class such that 
every semigroup in S is a semilattice of semigroups in @. Another in- 
stance arises when one is given Yj as the class of all chains and one 
studies the relationship between @ and 5. These are the most frequent 
cases. Now taking the class & of all semigroups, we know that taking for 
Yy the class of all semilattices, we may take for @ the class of all t-simple 
semigroups by II.2.13. We thus have: 


IIL73 COROLEARY. Every semigroup is isomorphic to some 
(Y3Sa,Wa,p;Da) where S, is N-simple, D, is a dense extension of S, and iv) 
in 7.2 holds. 


IlI.7.4 COROLLARY. Every semigroup is a subdirect product of 
dense extensions of St-simple semigroups with a zero possibly adjoined. 


We can modify the above construction by taking D, to be an extension 
of an isomorphic copy of S,. For example, if each S, is weakly reductive, 
we may take D, = Q(S.) which is a dense extension of II(S,) which is in 
turn an isomorphic copy of S,. We thus have: 


Lp neCOROMEATOYS Let Y be a semilattice;for every a © Y 
let S, be a weakly reductive semigroup, and assume that S, are pairwise 
disjoint. For every pair a,8 € Y such that a > 8, let Wag:Sa — (Ss) 
be a function satisfying: 
1) Ya, iS the canonical homomorphism S, — Q(S.), 
li) (SaWa,asMSp¥p,a8) © (Sap), 
lili) if a@ > y, then for alla € S., b € Sz, 
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[QV a,a8 (bY 5,08) Was,asWap,y = (APa,»)(bYs,»)- 


On S = U,cy Sq define a multiplication » by: 


a*b = [(apaas)(bW,08) Was.a8- 


Then S is a semilattice Y of semigroups S,, in notation S = (VoSo Wan): 
Conversely, every semigroup S which is a semilattice Y of weakly re- 
ductive semigroups S, can be so constructed. 


III.7.6 COROLLARY. A semigroup S is separative if and only if S$ 
is a subdirect product of cancellative semigroups with a zero possibly 
adjoined. 


Proof. Necessity. Let S be a separative semigroup. We know by 
II.6.4 that S is a semilattice of cancellative semigroups, so S = 
(Y3Su,;Wa,s,;Da) Where each S, is cancellative and D, is a dense 
extension of S,. But then 5.15 implies that D, is cancellative, and 
hence by 7.2, Sis a subdirect product of cancellative semigroups 
with a zero possibly adjoined. 


Sufficiency. Let S be asubdirect product of semigroups S,, where 
S, is either cancellative or S, has a zero and S, is a cancellative 
semigroup. Let (x2), (ve) € S and suppose that (x2)? = (Xa)(Va) 
and (ya)? = (Va(Xa). Then for every a € Y, we have x2 = Xave 
and y2 = y,Xq. If S, has no zero, we obtain x. = ya. If S, has a 
zero, it follows that x, = 0 if and only if y. = 0; in case that 
Xe ~ 0, we have ya ~ 0, so that x2 = x.y. implies that x. = Va. 
Thus in any case, X2 = a which yields (x.) = (Va). One verifies 
similarly that (Xe)? = (Va)(Xa) and (Va)? = (Xa(Va) imply (Xa) = 
(ya). Therefore S is separative. 


The next construction gives a special kind of semilattice of semi- 
groups S,; it is reminiscent of a retract extension. 


III.7.7 PROPOSITION. Let Y be a semilattice; for every a € Y let 
S, be a semigroup and assume that the semigroups S, are pairwise 
disjoint. For every pair a,8 © Y such that a > B, let Wa,g:Sa — Sp 
be a homomorphism such that Wa, is the identity mapping and 


Wap, = Wa, Litas 8 ee 4 
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Let S = U,cy Sa with multiplication: 
a+b = (aPaap(b¥s,as) (a © Sa, b € Ss). 


Then S is a semilattice Y of semigroups S., and is a subdirect product 
of semigroups S, with a zero possibly adjoined. 


Proof. Exercise. 
The following concepts represent specializations of a semilattice 


of semigroups Sz. 


11.7.8 DEFINITION. The semigroup S constructed in 7.7 is a 
strong semilattice of semigroups S, and will be denoted by [Y;S.,W2,,]- 
The set of homomorphisms y,,g satisfying the conditions of 7.7 is a 
transitive system. If, in addition, all ya, are one-to-one, S is a sturdy 
semilattice of semigroups S, and will be denoted by (Y3;S.,Wa,s). 


The following weakening of both left and right cancellativity will 


play an important role in the next chapter. 


11.7.9 DEFINITION. A semigroup S is weakly cancellative if for 
any a,b € S, ax = bx and xa = xb for some x € S imply a = Bb. 


1.7.10 PROPOSITION. Let S = (Y3S.,Wa,8,Sa2) and suppose that 
every S, is weakly cancellative. Then S is a strong semilattice of semi- 
groups Sy. 


Proof. It suffices to show that the system {yz,3} is transitive. 
Leta > B>vyanda€ Si, b € Ss. Using 7.2, we obtain 


(aPaps,ybWe,7) = ((aba,3)b]Ws,y = (aba,y)(bYz,7) 


and analogously (bys,,)(ava,sWs,y) = (bWs,y)(ae,y), Which by 
weak cancellation in S, yields aasW3,y = Way, aS required. 


The next result will prove a useful tool in constructing subdirect 
products. 


IlI.7.11 THEOREM. On S = (Y;S.,Wa,s) define a relation o by: 


aoa b if AWa,a8 = bs, 08 (a ie Se b € Sg). 
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Then o is a congruence, S is a subdirect product of Y and S/o, and if all 
Sa have any of the properties: (left, right, weak) cancellation or reductiv- 
ity or (left, right, 9v-) simplicity, then S/o has the same property. 


Proof. It is clear that o is reflexive and symmetric. Let ao b, 
bac, a € Sa, b € Sg, c € S), 6 = aby. Then 


QVa,5 = AWa,apWas,s = bYgapPass = be, 
bbs,sWar,s = CWr,8Wer5 = Cy,5 


I 


so that 


Waa Ways = CWy,aWay,s- 


But then aYaay = CWy,ay SINCE Pay,5 IS ONe-to-one, proving tran- 
sitivity. 

Now suppose that ao b with a € S,, b € Ss, c € Sy, 6 = 
aBy. Then 


(a - C)War,8 = [(aa,ay(CPy,a7) War, = (QW, )(CWy,8) 
a (aba,apWap,s)(CWy,s) 

(Ys, apWap,a(CWy,3) = (bWe,s)(cyy,s) 

(bY 5,837.3 (CWr,8r¥ 67,5) 

= [Ove ecvr.e) Ware = (6 * cher, s 


and thus a*c o bc. Hence cis aright congruence; one shows 
analogously that o is also a left congruence. 
Now define a mapping ¢ on S by 


y:a — (a,ac) (a € S., a € YX). 


If ay = by, then a,b € S, for some a and @ = afaa = bfaa = 
b, so yg is an isomorphism of Sinto Y X S/o. It is clear that both 
projection homomorphisms of Sy are onto, making S a sub- 
direct product of Y and S/c. 

Suppose that each S, is right cancellative, and let (ac)(co) = 
(bc)(cc). Then for a € Su, b € Ss, c € Sy, 6 = aby, we have 
a*c o b*c so that (a * c)WWay,5 = (6 * cgy,5 and thus 


((aPa,ayCWy,a07) Way, = [(bWp,81)(CYy,81) War,s- 
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Consequently 


(apas(CHy,5) = (bves)(CHx,5), 


which by right cancellation in S; yields aa,s = bYg,s. But then 
AW, apVaB,5 = bWe,apWas,s which implies AW, ap = bWe,a8 since 
Was,s is One-to-one. Thus a o b and hence ao = bo, proving that 
S/o is right cancellative. 

Next assume that each S, is simple and let a € S., b © Sz. 
Then ayo,as,bWp,a8 © Sag and hence a~aas = X(bWe,a8)y for some 
x,y € Sag Since Sag is simple. But then aYo.ag = (x * b * V)Was,ap 
which implies that a o x xb * y, and thus in S/o, the equation 
ao = z(bc)w has a solution which proves that S/o is simple. 

Suppose that each S, is 1-simple. Let J be a completely prime 
ideal of S/o, and for every a € Y, let 


I, = {a € Silac € I}. 


Then /, is a completely prime ideal of S, if it is nonempty. Hence 
either J, = @ or I, = S,. Since I ¥ @, there exists a € Y such 
that J, = S,. Then for any B € Y, we must have Jzg = Sag. But 
then Js = Sg since by¥g.ag = c for some b € Ss, c € Sy so that 
bo = co € J. Consequently J = S/o is N-simple by II.2.12. 

The remaining cases have proofs analogous to the proof of 
one of the cases considered and are left as exercises. 


111.7.12. Exercises 


Show that the congruence o defined in II.6.4 on a separative semi- 
group S is the greatest band congruence on S, all of whose classes 


are weakly cancellative. 


Show that a semigroup S which is a semilattice of semigroups S., 
each of which has an identity, is a subdirect product of semigroups 


Sa with a zero possibly adjoined. 


Prove that every semilattice of semigroups S, each of which has an 
identity and no other idempotent is strong (e.g., this holds for 


every semilattice of groups). 


10. 


Lt: 


SEMILATTICE COMPOSITIONS 101 


Prove that every X-class of a semigroup S is a group if and only if 


S is regular and a subdirect product of groups with a zero possibly 
adjoined. 


Let Y be a chain; to every a € Y associate a semigroup Sa, suppose 
that S, are pairwise disjoint, and on S = U,¢y S. define a multi- 
plication * by 


axb=bxa=b if a€ Sb € S,a> 8B, 


and retain the multiplication within each S,. Show that S is a semi- 
group and express it in terms of 7.2. (S is called a successively 
annihilating band of semigroups S,..) 


Characterize all semigroups S with the property that every subset 
of S consisting of 2 elements is a subsemigroup. Also characterize 
all semigroups S all of whose nonempty subsets are subsemi- 
groups. 

Show that for a family of pairwise disjoint semigroups S, with 
identity indexed by a semilattice Y, a semilattice composition 
relative to Y always exists. 


Let Y = {a,8,¢} be a Kronecker semigroup having ¢ as its zero. 
Give examples of semigroups S., Ss, S; such that an extension of 
S; by S° and an extension of S; by S$ exist, but no composition 
relative to Y exists. 


Prove that if every S. in 7.11 is (left, right, weakly) cancellative, 
then o is the least congruence on S for which S/o has the respec- 
tive property. 


Show that a semigroup which is a semilattice of commutative 
weakly reductive semigroups is commutative. 


Let S = [Y¥;S.,Wa,a] and S’ = [Y’;S.,.]. Let € be an isomorphism 
of Y onto Y’; for every a € Y, let nz be an isomorphism of S. 
onto S.:, and assume that for a > @, the following diagram is 
commutative: 


Na 
Sie ak 
I 
Va,p Wat, Be 
NB 
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Show that the function yx defined on S by: ax = ana if a © Sa, is 
an isomorphism of S onto S$’. Also show that if all S, and S, are 
M-simple and weakly reductive, then every isomorphism of S onto 
S’ can be so expressed. 


ITII.7.13 REFERENCES: Arendt and Stuth [1], Brown and 
LaTorre [1], Clifford [5], Gantos [1], Kaufman [1], Lallement [1], 
O’Carroll and Schein [1], Preston [1], Schein [3], Skornjakov [1], Tamura 
[5], [16], [17], Yamada [2], [6], Yoshida and Yamada [1], Yoshida et a/. [2]. 


IV 


Completely Regular 
Semigroups 


The class of completely regular semigroups coincides with the class 
of semigroups which are unions of their (maximal) subgroups. It is a 
subclass of the class of regular semigroups which we have already en- 
countered. This subclass is particularly amenable to the treatment we 
have adopted in this book — the study of the structure of a semigroup 
through its greatest semilattice decomposition — for, as we will see, 
the St-classes of such semigroups are completely simple, and the struc- 
ture of the latter can be reduced to the structure of an arbitrary group. 
As far as the entire semigroup is concerned, one may use the results 
from the semilattice compositions, studied in III.7, of completely simple 
semigroups. In addition, we must know the translational hull of a 
completely simple semigroup, a task which will be undertaken in the 
next chapter. 

After the general study of completely regular semigroups, we will 
characterize in several ways a completely simple semigroup. Then we 
will move on to various special classes of completely regular semigroups 
determined by different properties connected with their greatest semi- 
lattice decomposition and the properties of their idempotents. 


IV.1. Generalities 


In addition to the needed definitions, we will establish here several 
characterizations of the semigroups under study. 
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IV.1.1 DEFINITION. An element a of a semigroup S is completely 
regular if there exists x € S such that a = axa, ax = xa. A semigroup 
Sis completely regular if all its elements are completely regular. 


IV.1.2 PROPOSITION. The following conditions on an element a 
of a semigroup S are equivalent. 
i) ais completely regular. 
ii) a@ has an inverse with which it commutes. 
ili) a € a*Sa2. 
iv) a € Sa? 1) ads. 
v) ais contained in a subgroup of S. 


Proof. iv) implies v). If a= xa = ay, then 
xa = x(a*y) = (xa?)y = ay. 
Letting e = xa = ay, we obtain 
ae = a*y = a = xa” = ea, 


(xa)(ay) = (xa?)y = ay =e, 
e € Saf) aS, 


e2 


which by I.4.11 implies a € Ge. 


The proof of the remaining implications (in circular order) is 
easy and is left as an exercise. 


Part v) of 1.2 justifies the introduction of the concepts of completely 
regular elements and of completely regular semigroups, for the latter 
are precisely those semigroups which are unions of groups. (Hence 
these semigroups are also called “semigroups which are unions of 
groups.’’) For actual applications, part iv) usually turns out to be con- 
venient. 


IV.1.3 NOTATION. If a is a completely regular element of a semi- 
group S, we denote by a7! the inverse of a in the maximal subgroup of 
S containing a. 


1V.1.4 LEMMA. Let S be a semilattice of semigroups S., a € Y. 
Then S is (completely) regular if and only if S, is (completely) regular 
for every a € Y. Furthermore, if a © S,, then all inverses of a in S are 
contained in Sy. 
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Proof. It suffices to prove the last statement which is left as an 
exercise. 


We will next characterize completely regular semigroups in several 
ways. For this, we need a lemma which is also of independent interest. 


IV.1.5 LEMMA. Maximal subgroups of any semigroup coincide 
with the 5C-classes containing idempotents. In particular, any two dis- 
tinct maximal subgroups are disjoint. 


Proof. This follows easily from I.4.11. 


IV.1.6 THEOREM. The following conditions on a semigroup S are 
equivalent. 

i) Sis completely regular. 

ii) For every a € S,a € aSa?. 

iii) Sis a union of (disjoint) groups. 

iv) Every 3-class is a group. 

v) Every X-class is simple and completely regular. 

vi) Every left and every right ideal of S is completely semiprime. 


Proof. i) implies ii). This follows from 1.2. 
ii) implies ii). By 1.2, it suffices to show that for every a € 
S, a € a2S. There exists x € S such that a = axa? and y€ S 
such that xa = (xa)y(xa)?. Consequently 


a = axa? = a(xa)a = a(xa)y(xa)?a = (axayx)(axa?) 
= axayxa = axay(xa) = (axay)(xa)y(xa)? 
= ay(xa)* = (ayx)a(xa) = (ayx)(axa?)(xa) 
= (ay)(xa)*(axa) = a(axa) = a*xa 


so that a € aS. 

iii) implies iv). Let H be an 3-class. For any a € H, a be- 
longs to a maximal subgroup G. But then a 5C e, so that Ge = 
ff by 1:5. 

iv) implies v). Since 5K CM, each %-class is a union of 
groups. By 1.4, each 9-class is completely regular. Also by 1.2, 
for every a € S, a = a?xa? for some x € S so that 


a = a*xa(a2xa?) € Sa?S, 
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which by II.4.5 implies that every 2v-class is simple. 

v) implies vi). If L is a left ideal of S and a? © L, then since 
Sis clearly completely regular, we have a = xa? by 1.2 for some 
x € S, whence a = xa? © L and L is completely semiprime; 
the situation is analogous for right ideals. 

vi) implies i). For anya € S, Sa? is a left ideal and a4 € Sa?. 
But then a € Sa?; similarly a € a2S, which by 1.2 implies that 
S is completely regular. 


It is clear that in 1.6 we may substitute ii) by its left-right dual. Further, 
1.6 says that every completely regular semigroup is a semilattice of simple 
completely regular semigroups; the next section is devoted to their 
precise structure. 

A condition stronger than complete regularity is provided by the 
following. 


IV.1.7 PROPOSITION. The following conditions on a semigroup S 
are equivalent. 
i) Sis a band of groups. 
ii) Sis completely regular and 3 is a congruence. 
iii) Sisregular and a2bS = abS, Sab? = Sab for alla,b € S. 


Proof. The equivalence of i) and ii) is a consequence of 1.6. 

il) implies iii). Since a2 5K a and 5 is a congruence, it follows 
that a2b 5 ab so a2bS = abS; similarly Sab? = Sab. 

il) implies 11). If a = axa, then a2xS = axS implies a = 
axa © a*S and dually a € Sa*, and thus S is completely reg- 
ular. Let a€ G. and 6€ S. Then a(a~!b)S = a(a~'b)S which 
implies abS = ebS. So if a’ # a, then a’bS = ebS = abS; also 
Sa’ = Sa implies Sa’b = Sab. Hence a’b 5 ab and 3 is a right 
congruence. By symmetry, we conclude that 3 is also a left con- 
gruence. 


IV.1.8. Exercises 


1. Prove that in a regular semigroup whose idempotents form a chain 
every Ji-class is simple. 


2. Show that each of the following conditions on a semigroup S is 
equivalent to regularity. 


IV.2. 


ont 


4.* 


COMPLETELY SIMPLE SEMIGROUPS 107 


i) Every principal left ideal is generated by an idempotent. 
li) Every principal left ideal has a right identity. 
iii) Every £-class contains an idempotent. 
(Note that because of the left-right symmetry of regularity, each 
of these statements is equivalent to its dual.) 


Prove that the following conditions on a regular semigroup S are 
equivalent. 
i) Es is a semilattice of left zero semigroups. 
li) Ifa@ = axa = aya, then ax = ay. 
ili) Every ®-class contains a unique idempotent. 
Prove that the following conditions on a semigroup S are equiv- 
alent. 
i) Sis completely regular and Ys is a chain. 
ii) Every left and every right ideal is completely semiprime and 
every (two-sided) ideal is completely prime. 
ill) For any x,y € S, either x € xySx or y € yxSy. 
Show that in a regular semigroup S, any one of the conditions 
i) Sab = Sab? for all a,b € S, 
ii) L£ is a congruence, 
implies that S is completely regular and 3 is a left congruence. 


Show that in a completely regular semigroup S, K C 3¢ and the 
congruence generated by 3¢ is the least band congruence on S. 


Show that every cyclic subsemigroup of a semigroup S has an 
identity if and only if S is completely regular and periodic. 


Show that a regular semigroup whose idempotents are in the 
center is a semilattice of groups and conversely. 


Show that a cancellative regular semigroup must be a group. 


Give an example of a completely regular semigroup which is not 
a band of groups. 


IV.1.8 REFERENCES: — Clifford [1], [3], Croisot [1], Feller and 
Gantos [1], Petrich [2], [4]. 


IV.2. Completely Simple Semigroups 


We have seen in the preceding section that a completely regular 
semigroup is a semilattice of completely regular simple semigroups and 
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conversely. The purpose of this section is to give the precise structure of 
completely regular simple semigroups modulo groups, i.e., to reduce 
their structure to the structure of groups. In order to facilitate the proving 
of the main result as well as for didactic reasons, we first establish a 
theorem giving a number of characterizations of these semigroups. In 
particular, one characterization says that they are precisely all the 
completely simple semigroups. We then establish the principal result 
which says that every such semigroup is isomorphic to a Rees matrix 
semigroup over a group and conversely. This is a special case of the so- 
called Rees theorem for completely 0-simple semigroups which will not 
be discussed here. 


IV.2.1 DEFINITION. An idempotent e of a semigroup S without 
zero is primitive if it is minimal relative to the partial order on Es (i.e., 
f? =f = ef = fe implies f = e). The unique element of a trivial semi- 
group is a primitive idempotent. 


IV.2.2 LEMMA. A regular semigroup S all of whose idempotents 
are primitive is completely regular with maximal subgroups given by 


'e = aSa (e € Es, a € G). 


Proof. Leta € S. Then a = axa and a? = a*ya? for some x,y € 
S. Letting e = ax and f = a*yax, we obtain 
f? = (a*yax)(a2yax) = a2y(axa)ayax = (a?y)?ax 
= (a’y)ax = f, 
ef = (ax)(a2yax) = (axa)(ayax) = a?yax = f, 
fe = (a*yax)(ax) = a*yax = f, 


so that e,f © Es and e >. By hypothesis, we have e = f, 
whence ax = a?yax, which, after multiplication by a on the 
right, yields a = a*ya € a?Sa. Since ais arbitrary, 1.6 shows that 
S is completely regular. 


Let e € Es anda € G,. If x € G,, then 
x = exe = (aa™")x(a~!a) € aSa, 


and thus G. C aSa. Conversely, let x = aya. Then x € Gy, for 
some f € Es so that 


ef = e(xx“!) = e(aya)x-! = (aya)x-! = xx =f 


IV.2. COMPLETELY SIMPLE SEMIGROUPS 109 


and dually fe = f so that e > f. By hypothesis, we must have 
e = f and hence x € G. Since x € aSa is arbitrary, it follows 
that aSa C G. 


IV.2.3 DEFINITION. A simple semigroup containing a primitive 
idempotent is completely simple. 


We are now ready to prove the desired characterization theorem. 


IV.2.4 THEOREM. The following conditions on a semigroup S are 
equivalent. 
i) Sis completely simple. 
ii) Sis completely regular and simple. 
iii) Sis regular and all its idempotents are primitive. 
iv) Sis regular and weakly cancellative. 
v) S is regular and for any a,x € S, a = axa implies x = xax. 


Proof. 1) implies ii). Let e be a primitive idempotent of S and a be 
any element of S. Then by simplicity of S, we have a = uev and 
e = x(ea%e)y for some u,v,x,y € S. Letting f = evaeyexeaue, 
we obtain 


f2 = evaeyexea(ueev)aeyexeaue = evaeye(xeasey)exeaue 
evaeyexeaue = f 


and evidently f < e so that f = e. Hence 
a = ufv = (uev)aeyexea(uev) = a*(eyexe)a? € a*Sa? 


and a is completely regular by 1.2. 

ii) implies iii). Let e,f € Es be such that e <f. Then by 
simplicity of S, f = xey for some x,y € S. Letting a = fxf and 
b = fyf, we obtain 


aeb = (fxfe(fyf) = f(xeyf =f. (1) 
For a’ satisfying the equalities a = aa’a, aa’ = a’a, by (1) we 
have 
f = aeb = aa’aeb = aa'f = a'af = a’'a = aa’ (2) 


and hence using (1) and (2), we obtain 


f = (a'aX(a’a) = a'(aa')a = a'fa = a'(aeb)a 
= (a'a)(eba) = feba = eba. 
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But then e = ef = f which implies that f is primitive. 

iii) implies iv). Suppose that ax = bx and xa = xb. By 2.2, 
Sis completely regular, soa € G.-andb € G; for somee,f € Es. 
Again by 2.2, axa © G. and bxb © Gy. Hence axa = bxa = bxb 
implies that e = f. Letting y = exe, we see by 2.2 that y € G, 
and also that 


ay = a(exe) = (ae)xe = axe = bxe = (be)xe = b(exe) = by 


which in G, implies a = 6, establishing that S is weakly cancella- 
tive. 

iv) implies v). Ifa = axa, thenax = a(xax) and xa = (xax)a, 
which by weak cancellation implies x = xax. 

v) implies i). If e,f € Es and e < f, then e = efe so by hy- 
pothesis we also have f = fef = e and every idempotent is prim- 
itive. By 2.2, S is completely regular. Suppose that S is not 
simple. Then by 1.6, S has more than one %-class, and in 
particular it must have two %-classes VN. > Ny with e,f € Es. 
Letting x € eNye, we have x = eae € G, for somea € Ny and 
g € En,, whence 


eg = exx! = e(eae)x—! = (eae)x!=xx!=g8 


and dually ge = g. Hence g < esinceg € Ny, contradicting the 
fact that all idempotents of S are primitive. 


This theorem gives some useful characterizations of the semigroups 
under consideration. We turn next to their precise structure. 


1V.2.5 LEMMA. Let S be a completely simple semigroup and let 
e,f © Es. Then the following statements hold. 
i) For any a,b € S, ab € G,. implies aSb C G. 
li) ef = e implies fe = f. 
ili) ef = f implies fe = e. 


Proof. Note that S satisfies the hypothesis of 2.2 in view of 2.4. 
1) Leta€ G,, b € Gi, ab € G,. Then 2.2 implies aba © G, 
and bab © Gi). Hence a = (aba)u, b = v(bab) for some u € Ga. 

v € Gy). For any x € S, using 2.2, we obtain 


5b “+45 


axb = (aba)uxv(bab) = (ab)(auxvb)\(ab) © G, 
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since ab € G,. Since x is arbitrary, we have aSb C G.. 

li) If ef =e, then fe € Es and also fe = fef € Gp by 2:2, 
But then fe = f. 

ili) This is dual to ii). 


IV.2.6 DEFINITION. Let G be a group, / and M be nonempty sets 
in which elements are denoted by i,j,k, ... and u,»,6,..., respectively, 
and let P:M X I— G be any function; its value at (u,i) is denoted by 
Pui. Let S be the set 1X GX M together with the multiplication 


(7,a,u)(j,5,v) ram (i,ap,;6,v) : 


Then S is a semigroup called the Rees J X M matrix semigroup over the 
group G with the sandwich matrix P and denoted by S = INU,G,M;P). 


We will usually call such a semigroup a Rees matrix semigroup. The 
sandwich matrix and the Rees matrix semigroup derive their names from 
the following “matrix” interpretation of the elements of this semigroup. 

Let J and M be nonempty sets and G be a group; let 0 (called “‘zero”’ 
be any symbol not in G. Let S be the set consisting of all J X M matrices 
having precisely one entry from G.and the remaining entries 0. The fact 
that neither J nor M need be finite should cause no difficulty; one can 
easily imagine an array having an infinite number of “rows”? and/or 
‘“‘columns”’ which has exactly one nonzero entry and this entry is taken 
from G. The matrix having its only nonzero entry a € G in the (7,u) posi- 
tion is denoted by (a);,. We then think of Pas an M X J matrix whose (u,/)- 
entry is p,; and usually write P = (p,;). We define a multiplication * on 
the set of these matrices by: A * B = APB, where multiplication on the 
right is the “usual multiplication of matrices,” i.e., row by column, where 
the summands containing 0 are considered as zero. Thus, for example, 
AP is an I X J matrix and APB is an J X M matrix having exactly one 
nonzero entry, so 4 « B € S. The term “sandwich matrix” for P is thus 
justified. It is easy to see that the function (/,a,u) > (d)ix is an isomor- 
phism, i.e., the multiplication agrees with the one in 2.6. 

An abstract semigroup T is said to have a Rees matrix representation 
m(,G,M;P) if there exists an isomorphism of T onto 0(/,G,M;P). This 
latter semigroup can be thought of as a semigroup of triples or of ma- 
trices. We are now ready to prove the structure theorem. 


IV.2.7 THEOREM. Let S be a completely regular simple semi- 
group; fix g € Es, and let G = Gy, 
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I= {eCiks eg eh, oo Meatfets|af=fis 
P = (pre) where pre = fe. Then the mapping x defined by 
xia (e,gag,f) (a € 5) 


where ag € G,, ga € Gy, is an isomorphism of S onto T = SNU,G,M;P). 
Proof. 1. For any f € M, e € J, we have 


Pre = fe = (gf eg) € gSg = Gy 


by 2.2 and 2.4 so that P is indeed a matrix over G. Also gag € 
G, = Gforanyaée 5S. 

Let a be an element of S. If ag € G., then u(ag) = e for some 
u € G,, and we obtain 


eg = u(ag)g = u(ag) = e, 


which shows that e € J. Similarly we see that ga € G,; implies 
J € M. Thus x maps S into 7. 

2. Leta,a’ € Swithag € G., ga € Gy, a’'g € Ge, ga’ € Gr; 
then by 2.5 i), aa’g € G., gaa’ © Gy, and we obtain 


(ax\(ax) = (e,gag,f \e',ga'g, f’) = (e,(gag) fe’\(ga’g), f’) 
= (e,(ga)(gf \(e’g)(a’g), f') = (e.l(ga)f Jle’(a’g)|, f') 
= (e,(ga)(a’g), f’) = (e,g(aa’)g,f’) = (aa’)x, 


and thus x is a homomorphism. 
3. With the same notation, suppose that ay = a’x. Then 


(e,gag, f) = (e',ga’g, f’) 
so that e = e’, gag = ga’g, f = f’. Consequently 


ga = (ga)f = ga(gf) = (ga’g) f = (ga’\(gf) 
= ga'(gf") = (ga’)f' = ga’ 


and dually ag = a’g. By 2.4, S is weakly cancellative, so ag = 
a’g and ga = ga’ imply a = a’. Thus x is one-to-one. 

4. Let (e,x,f) € T. Then eg = e and gf = f, which by 2.5 
ii) and iii) imply ge = g = fg. 

Let a = exf. Then 
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e(ag)e = e(exf)ge = (exf)ge = ag 


which by 2.5 i) implies ag € G.. Similarly we obtain ga € Gy. 
Also 


gag = g(exf)g = (ge)x( fg) = gxg = x. 


Consequently ax = (e,x,f) which proves that x is onto. 
Therefore x is an isomorphism of S onto 7. 


We can sum up the structure theorem in the following form. 


IV.2.8 COROLLARY. A semigroup S is completely simple if and 
only if S is isomorphic to a Rees matrix semigroup over a group. 


Proof. Necessity follows from 2.7, while the proof of sufficiency 


consists of a simple calculation in a Rees matrix semigroup and 
is left as an exercise. 


IV.2.9 PROPOSITION. The semigroup S = 9U,G,M;P) is 
i) the union of pairwise disjoint groups 


Hi = {Gan)|a 6G} ELEM) 


with the identity element (i,p,,;',x), 
ii) the union of pairwise disjoint minimal left ideals 


L, - {(i,a,u) | PM, Oe G} (u 2 M), 
iii) the union of pairwise disjoint minimal right ideals 
Ri= {Gap)ae Gowe MP" WET). 


Proof. Exercise. 


IV.2.10. Exercises 


1.* Prove that each of the following conditions on a semigroup S is 
equivalent to complete simplicity. 
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i) For every a € S, the set aS contains an idempotent, and for 
any a,x € S, a = axa implies x = xax. 
ii) For every a € S, we have a € a2S, and for any a,x € S, 
a = ax implies x = xa. 
iii) For any a,b € S, a € abSa. 
2. Let ¢ be a homomorphism of a completely simple semigroup S 


into some semigroup 7. Show that if ¢ is one-to-one both on idem- 
potents and subgroups, then ¢ is one-to-one. 


Show that every finite semigroup has a completely simple kernel. 


4. Prove that a semigroup S is an inflation of a completely simple 
semigroup if and only if S? is completely simple and for any x,y € 
S, x2 € G. and y? € Gy; imply xey = xfy = xy. 


IV.2.11 REFERENCES: Allen [1], Clifford [1], Lallement and 
Petrich [1], Rees [1], Steinfeld [1], SuSkevié [1], Venkatesan [1]. 


IV.3. Semilattices of Rectangular Groups 


We have seen in the two preceding sections that every completely 
regular semigroup is a semilattice of completely simple semigroups and 
conversely. In this section, we consider completely regular semigroups 
whose idempotents form a subsemigroup. It turns out that this condition 
is equivalent to the condition that the idempotents of each 9t-class form 
a subsemigroup. Each of these is completely simple, which coupled with 
the condition that the idempotents form a subsemigroup implies that they 
are rectangular groups. As special cases, we consider bands, semilattices 
of left groups and variations thereof. 

We start with the following general result. 


IV.3.1 PROPOSITION. The following three conditions on a semi- 
group S are equivalent. 

i) Es is a subsemigroup of S. 

li) For any a,b € S and their inverses a’,b’, the element b’a’ is an 
inverse of ab. 

ii) For any a,b,x,y © S, a = axa and b = byb imply ab = abyxab. 
If S is a regular semigroup, then each of these conditions is equiva- 
lent to: 


iv) Every inverse of every idempotent is idempotent. 
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Proof. i) implies ii). With the notation of ii), we have a’a,bb’ € 
Es, and thus 


(a’a)(bb’)(a'aX(bb’) = (a’'a)(bb’). 


Multiplying this expression on the left by a and on the right by 
b, we obtain abb’a’ab = ab. Analogously, a’ = a’aa’ and b’ = 
b’bb’ imply b’a’abb’a’ = b’a’, and hence b’a’ is an inverse of ab. 

ii) implies iii). Leta = axa, b = byb. Then xax and yby are 
inverses of a and 4, respectively, and thus (yby)(xax) is an in- 
verse of ab. Hence 


ab = (ab)(yby)(xax)ab = abyxab. 


ili) implies i). This follows without difficulty. 
ili) implies iv). Let e € Es and x be an inverse of e. Then 


x 


xex = (xe)(ex) = [(xe)(ex)](ex)(xe)[(xe)(ex)] 


(xex)? = x-. 


Now suppose that S is regular. 
iv) implies i). Let e,f € Es and x be an inverse of ef. Then 


fxe = f (xefx)e = (fxe), 
(ef fxeef) = efxef = ef, 
(fxeylef (fxe) = (fxe)? = fxe, 


so that ef is an inverse of the idempotent fxe. Thus by hypothesis 
we have ef € Es. 


LV 33" COROLLARY: If S is a semilattice of regular semigroups 
S, such that Es, is a subsemigroup of S., then Es is a subsemigroup of S. 


Proof. Ifa € S, and x € Sz; is an inverse of a, then a = axa im- 
plies a < Band x = xax implies B < a and thus a = £. Conse- 
quently if e € Es, and x is an inverse of e, then x € S, and 3.1 
implies that x is idempotent. But then 3.1 implies that Es is a 
subsemigroup of S. 


We consider now Rees matrix semigroups over a group in which 
idempotents form a subsemigroup. The next theorem gives several 


characterizations of such Rees matrix semigroups. 


116 COMPLETELY REGULAR SEMIGROUPS IV 


IV.3.3 THEOREM. The following conditions on S = I%U,G,M;P) 
are equivalent. 
i) Idempotents of S form a subsemigroup. 
ii) For any ij € I, uy © M, Py) P,P, Py: = @ the identity of G. 
iii) There exist mappings a:[— G and 8:M-— G such that for 
any i€ Iu € M, Pui = (uB)(@i). 
iv) SIX GX M where J and M are given the multiplication of 
a left and a right zero semigroup, respectively. 


Proof. i) implies ii). According to 2.9, all idempotents of S are of 
the form (i,p,;',u), so the equality 


(p75) WGP, |») = (i, PujP> »”) 


immediately implies p,,'p,,P,;| = P,;' Since the last element is 
in the 3-class Hij,. 

ii) implies iii). Fix an element in each of the sets 7 and M and 
denote both of them by 1. Define a on J and 8 on M by 


ai= py Pii, — wB = Dat. 


Setting y = j = 1 in the identity in ii), we obtain pyi = P,.Pit Pi; = 


(u8)(ai). 
ili) implies iv). Define a function x:S > IJ X G X M by 


x:(7,a,4) — (i,(ai)a(uB),). 


A straightforward verification that x is an isomorphism of S$ 
onto J X G X M is left as an exercise. 

iv) implies i). All idempotents of J X GX M are of the 
form (i,e,u) where e is the identity of G. It is obvious that they 
form a subsemigroup, which by an isomorphism carries over 
to S. 


The preceding result motivates the introduction of the following 
concept. 


IV.3.4 DEFINITION. A semigroup isomorphic to the direct prod- 
uct of a rectangular band and a group is a rectangular group. 
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IV.3.5 COROLLARY. A regular semigroup whose idempotents 
form a rectangular band is a rectangular group and conversely. In partic- 
ular, a rectangular band is the direct product of a left and a right zero 
semigroup and conversely. 


Proof. Exercise. 


IV.3.6 COROLLARY. A regular semigroup containing only one 
idempotent is a group. 


Proof. Exercise. 


IV.3.7 PROPOSITION. The following conditions on a semigroup 
S are equivalent. 
i) Every 9t-class is a rectangular group. 
ii) Sis regular and a = axa implies a = ax?a?. 
iii) Sis completely regular and Es is a semigroup. 


Proof. i) implies ii). Let a =axa. Then ax € Nz. so 
(ax)(xa)(ax) = ax since Ey,, is a rectangular band. Hence 
ax?a2 = (ax)(xa)(ax)a = axa = a. 

ii) implies iii). For any a € S there exists x € S such that 
a = axa and thus also a = axa?. Consequently a € aSa* and 
S is completely regular by 1.6. Let e © Es and x be an inverse of 
e. Then x = xex so by hypothesis x = xex? = (xex)x = x?. 
Hence 3.1 implies that Es is a subsemigroup of S. 

iii) implies i). This follows from 1.6, 2.4, 2.8, and 3.3. 


The following concepts represent special cases of a rectangular group. 


IV.3.8 DEFINITION. A semigroup isomorphic to the direct 
product of a left (right) zero semigroup and a group is a /eft (right) 


group. 


The next proposition gives a sample of a great number of abstract 
characterizations of left groups. Further characterizations can be found 
in the exercises. (One of these is: For any a,b € S there exists a unique 
x € S such that xa = b, which further justifies the name “left group.”’) 
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IV.3.9 THEOREM. The following conditions on a semigroup S are 
equivalent. 
i) Sis a left group. 
ii) Sis left simple and right cancellative. 
iii) For every a € S there exists a unique x € S such that xa? = a. 
iv) Sis regular and Es is a left zero semigroup. 


Proof. i) implies ii). The proof consists of a simple verification 
and is left as an exercise. 
ii) implies iii). Left simplicity implies solvability of xa? = a 
while right cancellation insures the uniqueness of the solution. 
iii) implies iv). Let a,x € S be such that xa? = a. Then 


a =(xa)a = x(xa?)a = (x?a)a? 


which by hypothesis of uniqueness yields x = x2a. For yc S 
satisfying x = yx?, we similarly obtain y = y?x, and also xa = 
yx2a = yx. Using these equalities, we have 


y= yx =x) = (xa) = Ox) a (ca)ae aa a 


which implies xa = yx = ax. This together with a = xa? im- 
plies that a is completely regular. 

Next let e,f € Es and z € S be such that ef = z(ef)?. Then 
ef = (ze)(ef)? which by hypothesis yields z = ze. As above we 
also conclude that z = z(ef) = z(ef )f = zf. Consequently ef = 
z(ef )? = z which together with z = ze yields ef = efe. But then 
ef = (ef (ef )? = e(ef )? and the hypothesis of uniqueness implies 
ef =e. 


iv) implies i). This follows easily from 3.5. 


IV.3.10 THEOREM. The following conditions on a semigroup S 
are equivalent. 
i) Every %-class is a left group. 
i) S is regular and for any a,x € S, a = axa implies ax = ax2a. 
lii) Sis completely regular and for any e, f € Es, efe =. ef. 
iv) Sis regular and for every a € S, aS C Sa. 


I 


Proof. 1) implies ii). If a = axa, then ax,xa € Ey, so that ax 
(ax)(xa) = axa since Ey, is a left zero semigroup. 
il) implies ii). For any a € S there is x © S such that a 
axa. But then ax = axa, whence 


I 
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a = (ax)a = (ax?a)a € aSa2 


which by 1.6 implies that S is completely regular. Let e, Pecks. 
Then for some u€ S, we have ef = efuef so that ef = 
(ef ( fue\(ef) which by hypothesis implies 


efue = (ef fue) = ef( fue)ef = [(ef )( fue\(ef )|(uef) 
efuef = ef, 


so that 
ef = efue = (efue)e = efe. 
iti) implies iv). Let a,b,x,y € S be such that 
q— axa, Gk xa, ab = abyab, aby = yab. 


Then ax,aby € Es, and using the hypothesis, we obtain 


ab = ab(yab) = ab(aby) = ab(axa)by = (ab)(ax)(aby) 


(ab)(ax)(aby)(ax) = (ababy)(xa) = abxa 


I 


so that ab € Sa which proves that aS C Sa. 

iv) implies i). For any a € S, we have a € aSa € Sa? which 
together with aS C Sa by II.4.9 implies that every t-class is left 
simple. Let N be an X-class of S and e,f € Ev. Then Ne = Nf 
by left simplicity of NV and hence e = xf for some x € WN. But 
then e = (xf )f = ef and thus N is a left group by 3.9. 


IV.3.11 COROLLARY. The following conditions on a band B are 
equivalent. 
i) Every %-class is a left zero semigroup. 
ii) For any e,f € B, efe = ef. 
iii) For any e € B, eB C Be. 


Proof. Exercise. 


IV.3.12. Exercises 


1. Show that a band B has the property that for any a,x € B, either 
ax = axa or xa = axa if and only if each %-class of B is either a 
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left or a right zero semigroup. Can the class of such bands be 
equationally defined? 


2.* Prove that any one of the following conditions on a semigroup S 
is equivalent to S being a left group. 
i) Sis left simple and contains an idempotent. 
ii) For any a,b € S there exists a unique x € S such that xa = b. 
(This is the original definition of a left group.) 
iii) S is regular and right cancellative. 
iv) Sis regular and a = axa, b = byb imply a = ayb. 
v) PCS) is a group. 


3. Prove that a semigroup S is an inflation of a rectangular group if 
and only if S? is a regular semigroup and for any x,y € S and 
e € Es, xy = xey. 


4. Show that a semigroup S is a chain of rectangular groups if and 
only if S is completely regular and for any e,f € Es, either e = efe or 
f= fe. 

5. Show that a semigroup S is a chain of left groups if and only if S is 
completely regular and for any e,f € Es, either e = ef or f = fe. 

6. Show that a regular semigroup is a rectangular group if and only 
if for any a,b,x,y © S, a = axa and b = byb imply a = abyxa. 

7. Characterize all regular semigroups having at most two idempotents. 


8. Let S be a semilattice of rectangular groups. Define a relation » on 
S by: 


aub_ if for every e € Es, a~!ea = b-'eb. 


Show that u is the greatest congruence on S contained in 3¢. 


9.* Prove that every finitely generated subsemigroup of a semigroup 
S has a left identity if and only if S is a chain of periodic right 
groups. Derive the conditions in order that every finitely generated 
subsemigroup of S has an identity. 


IV.3.13 REFERENCES: Chrislock [1], Clifford [5], Croisot 


[1], Fantham [1], T.E. Hall [1], [2], Ivan [1], Petrich [4], Yamada [5] 
[7], [9]. 


’ 
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IV.4. Strong Semilattices of Completely Simple Semigroups 


We have seen in the preceding chapter that among semilattice compo- 
sitions the easiest ones to construct are the strong compositions; we 
called the semigroup in question “‘a strong semilattice of semigroups 
S..” It is then natural, when considering completely regular semigroups, 
to study strong semilattices of completely simple semigroups. In view of 
the results of the present chapter, the problem of finding the structure 
of these semigroups reduces to finding transitive systems of homo- 
morphisms among completely simple semigroups associated with ele- 
ments of a semilattice. 

We start with a lemma which is also of independent interest. 


IV.4.1 LEMMA. Let S be a regular subsemigroup of a semigroup T. 
Then Green’s relations £, ®, 3 on S are the restrictions of those on T. 


Proof. It suffices to consider £; let £5 and Lr denote the corre- 
sponding £-relations. Let a,b © Sand a£rb. Then a = ub and 
b = va for some u,v € T'; letting a’ and b’ be inverses in S of 
a and b, respectively, we obtain a = (ub)b’b = ab’b and b = 
(va)a’a = ba’a which shows that a £5 b. Consequently £7|, € Ls, 
the opposite inclusion is trivial. 


We now investigate other varieties of bands. 


IV.4.2 DEFINITION. A band is (/eft,right) normal if it satisfies 
the identity (axy = ayx, xya = yxa) axya = ayxa. 


Note that left zero semigroups are left normal and that both rectangu- 
lar bands and semilattices are normal. Recall that if a semigroup S' is a 
band of groups, then S is completely regular and 3C is a congruence, 
and conversely; in such a case S/5C is a band. Hence the statement “‘S is 
a normal band of groups” signifies that in addition S/3C is a normal band. 
We are now ready to prove the principal result of this section. 


IV.4.3 THEOREM. The following conditions on a semigroup S are 
equivalent. 
i) S is a strong semilattice of completely simple semigroups. 
ii) Sis regular and a subdirect product of completely simple semi- 
groups with a zero possibly adjoined. 
iii) Sis a normal band of groups. 
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iv) S is completely regular and for any x € S,f € Es such that 
Nx < Ny, there exists a unique e € Ey, such thate <f. 


Proof. i) implies ii). This follows immediately from III.7.7. 

ii) implies iii). We may suppose that S C II,¢4S, where S 
is a subdirect product and each S, is completely simple with a 
zero possibly adjoined. It is clear that in T = Il,¢ 4S, (Ga) KC (ba) 
if and only if for alla € A, a, 5 bq. It then follows from 4.1 that 
the same holds in S relative to each component S,. A simple 
verification shows that 3C is a congruence on each S, and hence 
5 is a congruence on S. Further, for any (a,) € Sand every a € 
A, dg ® az so that in S, (ax)  (aa)?. But then 1.2 quickly implies 
that (a,) is completely regular. Furthermore, for each a € A, 
one verifies without difficulty that S,/5C is a rectangular band 
with a zero eventually adjoined and thus S,/3¢ is a normal band. 
Consequently for any (@a),(Xa),(¥«) € S, we obtain for every 
CCA, GpXeVolle KC AxVake8, Which ‘them amplies>sin 35; 
(da)(Xa(VaN Aa) RH (da(ValXa(Aa) proving that S/3¢ is a normal 
band. 

iii) implies iv). Let Nx < Ny where f € Es, and set T = 
JINxf. For y = fzf where z € Nx, let y’ be an inverse of y and let 
w = fy'f. One verifies without difficulty that w is an inverse of y. 
Since y € T C Nx, we also have y’ € Nx and thus w € T. It fol- 
lows that T is a regular subsemigroup of Nx and hence contains 
an idempotent, say e. But then clearly e < fand e € Nx. Sup- 
pose that also g € Ey, and g < f. Letting x — X be the natural 
homomorphism of S onto S/5, we obtain é < fand g < f, and, 
in addition, @ % g. Since S/3C is a normal band, we obtain 

OS 2BG me fOB El AI Re Kari Bie ee 
But the natural homomorphism S — S/3¢ is clearly one-to-one 
on idempotents which implies e = g as required. 

iv) implies i). In view of III.4.7, for every x € S, N(x) isa 
retract extension of Vx. Hence using the notation of III.7.2, we 
may write S > (Y3S.,Wo,8,Sa) Where Y = Ys and the S, are the 
d-classes of S. According to 2.4, each S, is weakly cancellative, 
which by III.7.10 implies that S is a strong semilatticé of its 9t- 


classes. We also know by 2.4 that each 9-class of Sis completely 
simple. 


IV.4.4 LEMMA. Lett S= LX GX RS’ =X GX RS be two 
rectangular groups. For given functions ¢:L > L’, 7:R— R’; and a 
homomorphism w:G — G’, let 
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(¢,8,r)0 = (te,gw,rr) ((¢,g,r) € S). 


Then @is a homomorphism of S into S’. Conversely, every homomor- 
phism of S into S’ can be so constructed. 


Proof. The-first statement is obvious. For the second, let 9: SS’ 
be a homomorphism. Fix fo.€ L,7ro € R, and define the func- 
tions ¢,w,7 by 


(¢,e,70)0 = (ty,e’,76), 
(40,8570)0 = (£9,20,79), 
(f0,e,7)0 = (f,e’,rr). 


Then ¢:L — L’,7:R > R’, and w:G — G’ is a homomorphism. 
Further 


(¢,2,7)0 = (¢,€,70)0(l0,2,70)0(70,e,7)0 a (¢¢,2,17) 
as required. 


We will write 6 = (¢,w,7). 
We now introduce a special subdirect product. 


IV.4.5 DEFINITION. Let {Sa},<4 be a family of semigroups and 
assume that there exists a semilattice Y and for each a € A an iso- 
morphism ¢, of S,/3t onto Y. The set 


S = {(a)€ TW Sx| Noga = Nages for all «8 € A} 
aéA 


is a subsemigroup of I, 4S, called a spined product of the semigroups 
{S,}4e4 (more precisely “relative to isomorphisms {¢,}.¢4’’). 


We can visualize a spined product as that part of the direct product 
which consists of the ‘“‘spine,” e.g., for |A| = 2, we have an isomorphism 
g1S1/N — S2/K and take Ujes(Na X Nag). 


IV.4.6 COROLLARY. The following conditions on a semigroup 
S are equivalent. 
i) Sis a strong semilattice of rectangular groups. 
ii) Sis regular and a subdirect product of semigroups of the follow- 
ing types: groups and left or right zero semigroups, and any of 
these with a zero adjoined. 
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iii) Sis completely regular and Es is a normal band. 
iv) Sis aspined product of a left normal band, a right normal band, 
and a semilattice of groups. 


Proof. i) implies ii). By 4.3, S is a subdirect product of completely 
simple semigroups with a zero possibly adjoined, and the proof 
of 4.3 shows that these completely simple semigroups can be 
taken to be the 9t-classes of S. In the present case, the 9t-classes 
are rectangular groups. Further (L X G X R)® is a subdirect 
product of L° X G® X R° which, combined with the preceding 
statements, proves il). 

ii) implies iii). By 4.3, S is a normal band of groups. Since 
each of the semigroups TJ in ii) has the property that E7 is a sub- 
semigroup of 7, the same holds for S forcing Es to be a normal 
band. (Equivalently, idempotents in each T form a normal band 
which carries over to any subsemigroup of their direct product.) 

iii) implies iv). It follows that S is a semilattice of rectangular 
groups La X Ga X R,. Since Es is a normal band, it satisfies iv) 
of 4.3, and hence also S satisfies iv) of 4.3. Consequently 4.3 im- 
plies that S is a strong semilattice of rectangular groups. Thus 
SY; LeX Ga X Ra Wag], and by 4.4, we have yzn=— 
(Ga,8;Wa,8sTa,8) and the multiplication is given by: for (¢,g,7) € Sa, 
@, 2’, 7) € Sa's 


(48,7 )(C',2',7") 
= ((Lpa,ca ME Ga ‘0a '),(2We,aa’ NZ" Wa ‘aa TT a,00 MP" Ta Pr) 


which evidently splits the multiplication into three parts each of 
which is a strong semilattice of its 9t-classes. The first part is 
easily seen to be a left normal band, the second is obviously a 
semilattice of groups, the third is a right normal band by consid- 
erations dual to those for the first part. Hence S is a spined 
product of these three semigroups. 

iv) implies i). This follows easily from 4.4 and the definition 
of a spined product. 


IV.4.7 COROLLARY. The following conditions on a band B are 
equivalent. 
i) Bisa strong semilattice of rectangular bands. 
li) B is a subdirect product of left and right zero semigroups with 
a zero possibly adjoined. 
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iii) Bis a normal band. 
iv) Bisa spined product of a left and of a right normal band. 


Proof. Exercise. 


IV.4.8 COROLLARY. The following conditions on a band are 
equivalent. 
i) Bis a strong semilattice of left zero semigroups. 
ii) Bis a subdirect product of left zero semigroups with a zero possi- 
bly adjoined. 
ili) B is a left normal band. 


Proof. Exercise. 


IV.4.9. Exercises 


1.* Prove that each of the following conditions on a completely regular 
semigroup S is equivalent to any of the conditions in 4.3. 
i) For any x,y € S such that Nx < Ny, there exists f € Ey, for 
which there is a unique e € Ey, with the property e < /f. 
ii) For any a,x,y,b € S, axyb € aySxb. 
iii) Both £ and ® are congruences, S/£ is a right normal band, 
S/@ is a left normal band. 
iv) Denoting by a* the identity of the maximal subgroup of S 
containing a, we have for any e,f,g € Es that e < f implies 
(eg)* < (fg)* and (ge)* < (gf)*. 


2. Show that the following conditions on a semigroup S are equiva- 
lent. 
i) Sis a spined product of a left normal band and a semilattice 
of groups. 
ii) Sis a strong semilattice of left groups. 
iii) Sis regular and for any a,x,y € S, axy © aySx. 


3. Prove the following statements for a semigroup S which is a strong 
semilattice of semigroups S,. If 5 is a congruence on each S,, 
then the relation 7 defined on S by: a7 6b if a,b € S. for some 
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S, and a5 b in S,, is a congruence. If also for every S., each ele- 
ment of S, has a left and a right identity in S,, then + coincides 
with 3C on S. Deduce that in a strong semilattice of completely 
simple semigroups JC is always a congruence. 


4.* Call a band /eft regular if it satisfies the identity xyx = xy. Prove 
that the following conditions ‘on a semigroup S are equivalent. 
i) 3C is a congruence and S/3¢ is a left regular band. 
ii) Sis regular and for any a,b € S, aS C Saand abS = a?bS. 
iii) Sis aspined product of a left regular band and a semilattice of 
groups. 


5. Derive an explicit construction of completely regular semigroups 
whose idempotents form a normal band. 


6. Give an example of a semigroup which is a strong semilattice of 
completely simple semigroups but is neither completely simple nor 
a band nor a semilattice of groups. 


7. Give an example of a semigroup which is a band of groups but 
is neither a strong semilattice of completely simple semigroups nor a 
band. 


IV.4.10 REFERENCES: — Howie [1], Kimura [1], Lallement [1], 
Petrich [6], Schein {1}. 


IV.5. Subdirect Products of a Semilattice and a 
Completely Simple Semigroup 


Since every completely regular semigroup S is a semilattice of com- 
pletely simple semigroups, it is natural to ask: Under which conditions 
is S a subdirect product of a semilattice and a completely simple semi- 
group? It turns out that in such a case the semilattice and the completely 
simple semigroup are respectively the greatest semilattice and the greatest 
completely simple homomorphic images of S. Intuitively speaking, we 
keep the same semilattice and find a completely simple semigroup which 
is an “abstraction” of all 9t-classes of S. We then give a simple construc- 
tion of all such semigroups within a direct product of a semilattice and a 
completely simple semigroup. 
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IV.5.1 THEOREM. A semigroup S is a sturdy semilattice of com- 
pletely simple semigroups if and only if S is a regular semigroup sub- 
direct product of a semilattice and a completely simple semigroup. 


Proof. Necessity. By hypothesis we may take S = (Y:S.,¥a.s) 
where each S, is completely simple. In the notation of and ac- 
cording to III.7.11, S is a subdirect product of ¥ and S/c. By 
2.4, each S, is weakly cancellative, so again by III.7.11, we have 
that S/o is also. Since S is regular, so is S/o which again by 2.4 
shows that S/o is completely simple. 


Sufficiency. Let SC Y X T be a subdirect product where S is 
regular, Y is a semilattice, and T is completely simple. For every 
a € Y, let 


SS 1) al <7) T, = {a € T | (a,a) € S}. 


It is clear that S is a semilattice of semigroups S, and that S, & 
T... If (8,5) is an inverse in S of (a,a) € S, then it follows immedi- 
ately that 8 = a and hence S, is regular. But then 7, is a regular 
subsemigroup of the completely simple semigroup T which by 
2.4 implies that T, is completely simple. Consequently each S, 
is completely simple. 

Let (a,e),(8,f),(8, g) € Es and suppose that (a,e) > (6,f) 
and (a,e) > (6,g). Then e > f and e > g which in a completely 
simple semigroup implies f = g = eso that (6,f) = (6,g). Hence 
by 4.3 we conclude that S is a strong semilattice of semigroups 
Sas 
Let (a,qa), (a,b) € S,8B <a, and suppose that (a,a)~o~ = 
(a,b)~o,8. Then for any (8,x) € S, we obtain. 


(a,a)(B,x) = [(a,4)Pa,8](8,X) — [(a,b)Pa,8](B,X) = (a,b)(8,x) 


which implies ax = bx, and analogously xa = xb. Consequently 
2.4 implies that a = b and thus (a,a) = (a,b) proving that pa, 
is one-to-one. Therefore S is a sturdy semilattice of semi- 
groups Sz. 


IV.5.2 COROLLARY. A semigroup S is a sturdy semilattice of 
rectangular groups if and only if S is a regular semigroup subdirect 
product of a semilattice, a left zero semigroup, a group, and a right zero 
semigroup. 


128 COMPLETELY REGULAR SEMIGROUPS IV 


Proof. Necessity. According to 5.1, S is a subdirect product of 
a semilattice Y and a completely simple semigroup 7. By 3.7, 
Es is a subsemigroup of S, and since T is a homomorphic image 
of S, it follows that Er is a subsemigroup of 7. But then 3.3 im- 
plies that 7 is a rectangular group. Consequently S is a subdirect 
product of Y and L X G X R where L, G and R are a left zero 
semigroup, a group, and a right zero semigroup, respectively. 
It follows immediately that then S is also a subdirect product of 
Y, L, Gand R. 


Sufficiency. By virtue of 5.1, Sis a sturdy semilattice of complete- 
ly simple semigroups S,. Since the idempotents of each of the 
semigroups listed form a subsemigroup, the same holds for their 
direct product and thus also for S. But then 3.3 implies that each 
S. is a rectangular group. 


One deduces from 5.2 without difficulty characterizations of sturdy 
semilattices of (i) (left, right) groups, (ii) left (or right) zero semigroups, 
(iii) rectangular bands. The formulation and proofs of these statements 
are left as an exercise. We now turn to a construction of semigroups 
Aan oh 


IV.5.3 COROLLARY. Let Y be a semilattice, T be a completely 
simple semigroup, ®(T) be the partially ordered set of all regular sub- 
semigroups of T ordered under inclusion, g:¥Y — ®(ZT) be an order 
inverting function for which U,<y ag = T, and set 


S= {(@@,a)€ YXT|a€ ag}. 


Then S is a regular semigroup subdirect product of Y and 7, and con- 
versely, every regular semigroup subdirect product of Y and T and 
contained in Y X T can be so constructed. 


Proof. The proof of the direct part consists of a straightforward 
verification and is left as an exercise. For the converse, we let 
ag = T, for every a € Y with the notation as in the proof of 
sufficiency of 5.1. It is easy to see that ¢ is inclusion inverting; 
the remaining properties have been established in the proof of 
sufficiency of 5.1. 


For the semigroups S appearing in 5.2, we can give a more detailed 
construction. To this end, we need a lemma which is also of independent 
interest. 
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IV.5.4 LEMMA. For L, G and R a left zero semigroup, a group, 
and a right zero semigroup, respectively, the direct product L X G X R 
is the only subdirect product of L, G and R contained in L X G X R. 


Proof. LetSCLX GX R beasubdirect product and let (£,2,r) € 
LX GX R. Then (£,4,r’) € S for some h € G and r’ € R; 
further (u,A—',v) € Sforsomeu € Lando € R. Letting 1 denote 
the identity of G, we obtain 


(G10) = GAr Yuh vP(thr’) € S. 


Analogously (¢’,1,7) € S for some ¢’ € L, also (¢",g,r’) € S 
for some ¢” € L and r” € R, which yields 


(48,7) = GL C87 Lr) © S 


as desired. 


IV.5.5 THEOREM. Let L, G and R be a left zero semigroup, a 
group and a right zero semigroup; further let @(L) and @(R) denote 
the partially ordered sets of all nonempty subsets of Z and R, respec- 
tively, and let £(G) denote the lattice of all subgroups of G. Finally let 
Y be a semilattice and let c, w and 7 be order inverting functions as 
follows: 


OL) —— Y ——= o(k) 


£(G) 


satisfying 


and set 
S = {(a,t,g.r)€ YXLXGXR|fE ac, g € aw, rE ar} 


with the coordinatewise multiplication. Then S is a regular semigroup 
subdirect product of Y, L, G and R. Conversely, every regular semi- 
group subdirect product of Y, L, G and R and contained in Y X L X 
G X Rcan be so constructed. 
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Proof. Again the proof of the direct part consists of a simple 


verification and is left as an exercise. For the converse, we let 
SCYXL*X GX Rbearegular semigroup subdirect product 
of Y, L, Gand R. It is easy to see that 


T = {(4g,r)€ LX GX R| (a,6,2,r) € S for some a € Y} 


is a subdirect product of L, G and R, so by 5.4 we must 
haveT = L X G X R. It follows that Sis a subdirect product of 
the semilattice Y and the rectangular group 7. Now applying 5.3 
to this subdirect product, we obtain an inclusion inverting func- 
tion ¢:Y — @(T) satisfying U,<y ag = T and for which 


S = {(a,a)€ YX Tla E ag}. 


For A € &(T), let Az, Ac and Apr be the projections of A in L, G, 
and R, respectively. It is clear that A is a subdirect product of 
A,, Ac and Ap. Further, the regularity of A implies that of Ac 
which forces Ag to be a subgroup of G. Consequently 5.4 implies 
that A = Ar X Ac X Ar. Now defining o, w and r on Y by 


ao = (a¢)z, aw = (ag)a, at = (ag)r 


we quickly see that the functions co, w and 7 satisfy all the re- 
quirements in the theorem. 


IV 


For the particular cases mentioned after 5.2, we can easily specialize 


the last theorem to fit the given situations. The following concept will 
be used in the exercises below. 


IV.5.6 DEFINITION. 


A nonempty subset A of a semigroup S is 


left unitary if s © Sand a,as © A imply s € A; right unitary is defined 
dually; A is unitary if it is both left and right unitary. 


1; 


IV.5.7. Exercises 


Show that every subdirect product of a semilattice and a periodic 


completely simple semigroup is a regular semigroup. 


ee 


10. 


SUBDIRECT PRODUCTS 131 


Let S, Y and T be as in 5.3, and on S define the relations € and 
n by: 


(a,a)&(6,5) if w=, (a,a)n(6,b) if a=b. 


Show that € and » are the least congruences on S' whose 
quotient semigroups are a semilattice and a completely simple 
semigroup, respectively. Perform a similar analysis for the semi- 
group Sin 5.5. © 


Let S be a semilattice of groups. Show that S is a sturdy semi- 
lattice of groups if and only if S does not contain a subsemigroup 
K of the following type: K = A U B where A and B are disjoint 
semigroups, A has an idempotent, B is not a band, and for any 
a€ A,b € B, we have ab = ba = a. 


Show that if Zs is a left unitary subset of a regular semigroup 
S, then Zs is a right unitary subsemigroup of S (hence left and 
right unitary are equivalent on Es for a regular semigroup S). 


Show that if S = (Y;S.,a,s) is a regular semigroup and Es is 
unitary, then Wa,, is one-to-one on subgroups of Sq. 


Show that if S = [Y;S.,~a,s], where each S, is a rectangular group 
and all yw. are one-to-one on subgroups, then Es is unitary. 
Deduce that a semilattice of groups S is a subdirect product of a 
semilattice and a group if and only if Zs is unitary. 


Show that in a regular semigroup S for which £s is unitary, 
ab € Es implies ba € Es. 


Prove that in a regular semigroup S, Es is unitary if and only if for 
any a,b € Sande € Es, aeb € Es implies ab € Es. 


Let S = [Y¥3;Sa,Wa,2] be a regular semigroup. Show that all pas 
are one-to-one on idempotents if and only if for any a < 8, 
e € Es, implies that there exists at most one f € Es, such that 


Cf: 


Prove that a semigroup S is a sturdy semilattice of rectangular 
groups if and only if S is completely regular, Zs is unitary, and for 
any x,y € S such that Nx < Ny, for every f € Ew, there exists a 
unique (equivalently, at most one) e € Ey, such thate < f, and for 
every e € Ew, there exists at most one f € Ey, such that e <f. 
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Find necessary and sufficient conditions on a semigroup S (in 
terms of semilattices of semigroups) in order that S be isomorphic 
to the direct product of a semilattice and a completely simple 
semigroup. 


Let £, ®, G and @ denote the classes of all left zero semigroups, 
right zero semigroups, groups.and rectangular groups, respectively. 
Show that in any semigroup, the intersection of an £-, an &R- 
and a G-congruence is an @-congruence, and conversely, every 
@-congruence can be uniquely written as the intersection of an 
£-, an ®- and a G-congruence. 


Let 8, ® and @ denote the classes of all semilattices, completely 
simple semigroups and sturdy semilattices of completely simple 
semigroups, respectively. Prove that the following statements are 
true for any regular semigroup S. The intersection of an 8- and a 
@-congruence is a C-congruence. Conversely, every ©-congruence 
can be written uniquely as the intersection of an S- and a ®-con- 
gruence. 


Let 8, £, ®, and G have the same meaning as in the preceding two 
exercises, and let D be the class of all sturdy semilattices of rec- 
tangular groups. Prove that the following statements are true for 
any regular semigroup S. The intersection of an S-, an £-, an &- 
and a G-congruence is a \-congruence. Conversely, every D-con- 
gruence can be written uniquely as the intersection of an S-, an 
£-, an ®- and a G-congruence. (Hint: Use the preceding two ex- 
ercises.) 


IV.5.8 REFERENCES: Clifford [4], Howie and Lallement [1], 
Schein [6]. 


Vv 


The Translational Hull 


In III.1, we gave the definitions and a few simple properties of trans- 
lations and the translational hull of any semigroup. In the remainder 
of that chapter, we used these concepts extensively in the various con- 
structions of (ideal) extensions. The usefulness of these notions warrants 
a more intensive look at their properties. Hence in this chapter we first 
discuss some of their properties of general nature, and then consider 
them for several classes of semigroups. In the latter case, we are able 
to make some strong statements concerning the properties of the trans- 
lational hull which, besides their intrinsic interest, have useful applica- 
tions (in view of the results in Chapter III) to (ideal) extensions and 
semilattice compositions. 


V.1. General Properties 


We will limit ourselves here to a few elementary properties most of 
which have an auxiliary character. Further properties of translations 
can be found among exercises. 


V.1.1 NOTATION. For any semigroup S, let 


A(S) = {d € A(S)| Q,p) € 2(S) for some p € P(S)}, 
P(S) = {p € P(S)| Q,e) € QS) for some 2 € A(S)}, 


i.e., A(S) and P(S) are the projections of 2(S) in ACS) and P(S), respectively. 
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V.1.2 LEMMA. Left reductivity of a semigroup S is equivalent to 
the condition: the homomorphism s — p; (s € S) is one-to-one. In such a 
case, the projection homomorphism (A,p) > p ((A,p) © 2¢S)) is also one- 
to-one, and hence 


SAS) SIS), . WS) = POs). 
The corresponding statement is valid for right reductivity. 


Proof, ~ Exercise. 


V.1.3 LEMMA. A semigroup S has a left identity if and only if every 
left translation of S is inner. 


Proof. Ifeisa left identity of S, then for any \ € A(S)ands € S, 
we obtain As = A(es) = (Ae)s = Axes Which implies A = Ne. 
Conversely, if every left translation is inner, so is the identity 
mapping cs. But then vs = \. for some e © S and hence for any 
s € S, we obtain es = Aes = ugS = S. 


V.1.4 COROLLARY. A semigroup S has an identity if and only if 
every bitranslation of S is inner. 


Proof. Exercise. 


V.1.5 PROPOSITION. If a semigroup S is either weakly reductive 
or globally idempotent, then 


C(Q(S)) = {Q,p) € QCS)| As = sp forall s € S}. 


Proof. Let (,p), (\’,e’) € Q(S) and assume that As = sp for all 
s € S. Using III.1.9 or IIf.1.10, we obtain for any s € S, 


A(C’s) = (’s)p = A(sp) = V/s) 


which proves that \\’ = )’\; one shows analogously that pp’ = 
p’p So that (A,p) © © (2(S)). Conversely, let (A,p) € @ (Q¢S)). In 
particular, (\,o) commutes with all inner bitranslations of S 
which by III.1.6 yields 7; = x, for all s € S. If S is weakly re- 
ductive, then A\s = sp for all s © S. It further follows that 
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Ox)y = (xp)y, — WAX) = (xp) (xy € S). 
Consequently for any x,y € S, we have 
A(xy) = Qx)y = (Xp)y = xQy) = x(vp) = (xy)p, 
which in a globally idempotent semigroup S implies \s = sp for 
all s°€S: 
V.1.6 LEMMA. For a commutative semigroup S, we have A(S) = 
A(S) and P(S) = P(S). 


Proof. Let \ € A(S) and define p on S by sp = s for all s € S. 
Then for any x,y € S, we have 


(xy)p = A(xy) = AX) = Cy)x = xQAy) = xp), 

x(AV) = x(ve) = (xy)o = Ox) = (Xp) = (Xp)y, 
which shows that (\,p) © 2(S) so that  € A(S). Consequently 
A(S) = A(S); one shows dually that P(S) = P(S). 


Vel-7 COROLLARY. If S is commutative and reductive, then 
Q(S) is commutative and A(S) = P(S) = QS). 


Proof. For any (A,p) € Q(S) and x,y € S, we have 
Cx)y = Ary) = AW) = Ay)x = xy) = (xe)y, 


which by reductivity implies Ax = xp for all x € S. Hence 1.5 
implies that Q(S) is commutative. The isomorphisms follow from 
1.2 and 1.6. 


V.1.8 LEMMA. Let S and T be arbitrary semigroups. The maximal 
subgroups of the direct product S X T are precisely the sets Ges) = 
G. X Gy, where e and f are idempotents in S and 7, and G, and Gy are 
the corresponding maximal subgroups, respectively. 


Proof. Exercise. 


V.1.9 PROPOSITION. Let S be any semigroup and (),p) € 2(S) be 
an idempotent. By Ga,,) denote the greatest subgroup of Q(S) having 
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(A,p) as its identity and let G,, G, be the greatest subgroups of A(S), 
P(S) having }, p as identities, respectively. Then 


Ga») = (GH X G,) N AS). 


Proof. If G is any subgroup of 2(S) having (A,p) as its identity, 
then its projection G’ in A(S) is a subgroup of A(S) contained in 
G,; similarly its projection G’’ in P(S) is contained in G,. Hence 
Gap) (Gi X G,) N AS). Conversely, let (¢,y) belong to 
(G, X G,) M QS). Then for any x,y € S, we obtain 


x[Ag)y] = x[(e7!y)] 

(xp(e'y) = WY We») 

= [ay We») = CY Me) 
= xy (¢eDy] = OY) Oy) 

= [Cx ply = [x p)ly = Coy). 


x(¢'y) 


This proves that (¢~!,¥—!) € Q(S). But then (Gy, X G,) N Q(S) 
is itself a group and therefore is the greatest subgroup of 2(S) 
having (\,p) as its identity. 


The following concept will prove useful. 


V.1.10 DEFINITION. Let A be a subsemigroup of a semigroup S. 
The greatest subsemigroup of S having A as an ideal is the idealizer of 
A in S, to be denoted by /,(A). 


It is easy to verify that 


is(A) = {s € S| sa,as€ A forall ae A}. 


V.1.11 PROPOSITION. If S is a weakly reductive semigroup, then 
QS) is the idealizer of II(S) in A(S) X P(S), and II(S) is a densely em- 
bedded ideal of (S). 


Proof. For convenience let T = ig(s)xp¢s)(II(S)). Since I(S) is 
an ideal of Q(S), we certainly have Q(S) C T. 
Conversely, let (\,0) © T. Then for any a € S, both (\,p)ma 
and 7.(A,p) belong to II(S). Hence for every a € S there exists 
6 € S such that (\,o)7, = a,. Then for any x,c € S, we have 
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[(cp)a]x 


[(cp)palx = (cpo)x = c(Avx) 
c[QAa)x] = c[Max)] 
= c[A(ax)] = [c(Aa)]x. 


ll 


Further, 7(,p) = ma for some d € S, whence 


I 


[(xpc)p]a = (xpa)a 
X[(-A)a] = x[c(Aa)]. 


x[(cp)a] = [(xc)p]a 
= xX(\ua) 


Now by the weak reductivity of S, (cp)a = c(\a). Consequently 
(A,o) € Q¢S) proving that T € (S). 

The last statement of the proposition follows easily from 
LL 3,93 
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An analogue of the preceding proposition for left translations is pro- 


vided by the following result. 


V.1.12 PROPOSITION. If S is a right reductive semigroup, then 
A(S) is the idealizer of T(S) in A(S), and T(S) is a densely embedded 


ideal of A(S). 


Proof. Right reductivity immediately implies that the projection 
homomorphism of 2(¢S) into AGS) is one-to-one. Consequently it 
is an isomorphism of 2(¢S) onto A(S) mapping II(S) onto I'(S), 
which by 1.11 implies that ['(S) is a densely embedded ideal of 
A(S). In addition AGS) € ig¢s)(1(S)). To prove the converse, let 
\ € A(S) have the property that for any a € S, \aA € TS). Thus 
for every a © S there exists, by right reductivity, a unique b € S 
such that \zA = A». This makes it possible to define a function 
p on S by the requirement: Ag = dap. Thus for any x,y € S, we 
obtain 


Acxy)p = AxyA = (AxAy)A = Ax(AyA) = AxAyp = Axcyp)s 

N(xp)y oe xpAy — (AxA)Ay — Ax(AAy) — AxAry — AxAy)s 
which by right reductivity yields (xy)p = x(yp), (xe)y = x(Xy). 
Consequently (A,p) © 2¢S) showing that A € A(S). But then 
in¢sy(10S)) © ACS) as required. 


We now turn to types of extension of arbitrary semigroups. 
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V.1.13 PROPOSITION. For any semigroup S, a subset T of (5S) 
is the type of some extension of S if and only if T is a subsemigroup 
of 2(S) containing II(S) in which any two elements are permutable. 


Proof. Necessity is a consequence of III.i.12. Conversely, let T 
be a subset of Q(S) satisfying the above conditions. Let V = 
(S,Q;0) where Q is equal to T with a zero adjoined and 6:Q* = 
T— T CS) is the identity mapping. Then for r = 7(V:5S), 
we have r* = 6° = w for all w € T and rs = ga; for all s € S, 
which implies that T(V:S) = T. 


V.1.14 COROLLARY. If a semigroup S is either weakly reductive or 
globally idempotent, then the types of extension of S coincide with the 
subsemigroups of 2(S) containing II(S). 


Proof. This follows from 1.13 and III.1.9 or III.1.10. 


V.1.15 PROPOSITION. Every set of permutable bitranslations of a 
semigroup S$ is contained in a maximal one. 


Proof. Use Zorn’s lemma; the details are left as an exercise. 


V.1.16 PROPOSITION. The semigroup generated by a set of per- 
mutable bitranslations of S is a semigroup of permutable bitranslations. 


Proof. Let A be a set of permutable bitranslations of S and B be 


the semigroup generated by A. Let w,o € B. Then w = a... wm 
and o = a...on Where ow; = (ai,8;) and o; = (¢;,¥i), i= 
L220, jf =91, 4. oo Hence a= (of b. 2 Gasblie - oon) and 
o = (¢1--- ni... Yn). We proceed by induction on m and n 


to show that a1...a@m and yj... permute. Notice that if 
n = 1 and m > | this result follows easily from the hypothesis 
that the bitranslations in A are permutable (induction). Suppose 
that the left component of any element of B is permutable with 
the right component of every element of B which can be written 
as a product of less than 7 elements of A. Then for each x € S, 
we have 


(a1... mx)... Yn) = (Car... mx)... Vr) Wn 
= [(a1 .. . am\(x1 .. Wnt) Yn 
= (1%. < ah Xvi een): 
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Here we have applied the induction hypothesis twice. One shows 
analogously that 


(ot... enX)(B1 .. . Bm) = (91. . - Gn XB1.. « Bn). 


Val COROLEARY: Every bitranslation of a semigroup S' is 
permutable with every inner bitranslation. Every maximal set of per- 
mutable bitranslations is a type of extension and contains II(S) as an 
ideal. 


Proof. For every (A,p) € (S) and a,x € S, we obtain 
(Acx)p = (ax)p = a(xp) = Aa(Xp), 


and dually (Ax)pe = M(Xpa). Thus II(S) is contained in every maxi- 
mal set of permutable bitranslations. 

If D is a maximal set of permutable bitranslations, then D is a 
semigroup by 1.16 and is a type by 1.13. Since II(S) is an ideal of 
Q(S), it is an ideal of any type, again by 1.13. 


V.1.18 COROLLARY. The union W of all types of extensions of a 
semigroup S coincides with the set of all bitranslations (\,p) € Q(S) 
for which \ is permutable with p. 


Proof. If (\,p) © VW, then (A,e) © T for some type T, which by 
1.13 implies that \ and p are permutable. Conversely, if (A,p) € 
Q(S) and \ and p are permutable, then {(A,p)} is a set of permu- 
table bitranslations and is therefore contained in a (maximal) 


type by 1.17 so that (A,p) € W. 


V.1.19. Exercises 


1. Show that the following conditions on a semigroup S are equiv- 


alent. 

i) Sis a left zero semigroup. 

ii) Every transformation (written on the left) is a left translation. 
iii) The identity function (written on the right) is the only right 


translation. 
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Prove that if S is the free semigroup on a set, then 2(S) = S'. 


Let S be a commutative reductive semigroup. Show that A(S) is 
the greatest commutative semigroup of transformations on S 
(written on the left) containing I'(S). 


Show that a semigroup S is completely simple if and only if the 
idealizer of any cyclic subsemigroup of S is contained in some 
subgroup of S. 


Let Y be a semilattice and T be any semigroup. Let S(T) be the 
set of all subsemigroups of T. Let y:¥— S(T) be a mapping sat- 
isfying: (i) (ag\(B¢) E (a8)¢, (ii) T= U,evay. Let 


S =.{(a,f)€ Y¥ XT\f EC ap} 


with coordinatewise multiplication. Show that S is a subdirect 
product of Y and 7, and conversely that every subdirect product 
of Y and T contained in Y X T can be so constructed. 


Prove that every regular subsemigroup of a completely simple 
semigroup coincides with its idealizer. 


Show that a nontrivial left zero semigroup is right cancellative 
but is not left reductive. 


Let S be a semigroup, (A,p) € Q(S) be such that \ and p are per- 
mutable, and let T = I1(S) U {(A,p)"| = 1,2,...}. Show that T 
is the type of an extension of S (cf. 1.18). 


Show that every weakly reductive globally idempotent semigroup 
is a subdirect product of a left reductive and a right reductive 
semigroup. 


Show that a subdirect product of (left, right, weakly) reductive 
semigroups has the same property. 


Show that every subsemigroup of a group G is a densely embedded 
ideal of its idealizer in G. 


Let V be an inflation of a regular semigroup S. Express left trans- 
lations (bitranslations) of V in terms of left translations (bi- 
translations) of S. 


Prove that the following conditions on a semigroup S are equiy- 
alent. 
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i) The idealizer of every cyclic subsemigroup of S is cyclic. 


ii) Each subsemigroup of S coincides with its idealizer. 
ili) Sis a periodic completely simple semigroup. 


V.1.20 REFERENCES: _ Goraléik [1], Goraléik and Hedrlin [1], 
Hedrlin and Goraléik [1], Johnson [1], Schein [2], [4], Sevrin [2], Sirjaev 
[1], Sutov [1], Tamura [2], [3], [7], Tamura and Graham [1], Zupnik [1]. 


V.2. Isomorphisms and Automorphisms 


We are interested here in isomorphisms between the translational 
hulls of two semigroups, especially in extending isomorphisms of the 
inner parts to the whole translational hull. As a particular case, we con- 
sider automorphisms of the translational hull. 


V.2.1 THEOREM. Let @ be an isomorphism of a semigroup S onto 
a semigroup 7. For \ € A(S), p € P(S), define \ and 5 by: 


= [ACGO-)J@, = tp = (tpl (t € T). 


Then \ — X and p — @ are isomorphisms of A(S) onto A(T) and of P(S) 
onto P(T), respectively. The mapping 


8:(.\,0) > (7) — (sp) € 2(S)) 
is an isomorphism of 2(S) onto Q(7) with the properties: 


rs = 16, (ws)0 = (w6)(s0), (sw) = (s0)(w6) 
(s € S, w € 2(S)). 


Proof. For any x,y € T, we obtain 


l| 


NMaxy) = IMO) JO = (MANOS) }4 
{[A(x6-!)] (8-1) 8 = [A@O“ay = Axdy, 


analogously (xy)p = x(yp). Furthermore, if (A,) € 2(S), then 
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XACQO)9 = [AO YAGI 6 
{[(x0-")p](vO-!)} 8 = [xO ploy = (xA)y, 


x(Ay) 


proving that (4,f) € Q(7). 
Next let \,¢ € A(S); then for any t € T, we have 


(Ag)t = ABA) = Av(O-)]O = [Ae(O-)]@ = Age, 


proving that \g = X¢. Similarly for p,y € P(S), we obtain py = 
py; in particular 6 is a homomorphism. 

If ¢ € A(T) and y € P(T), then the above calculation shows 
that \ and p defined by 


As = [g(s9)]0"', sp = [(s0)p]' = (s € S), 

must satisfy \ € A(S) and p € P(S), and clearly \ = g andj = y, 
proving that all the three functions in the theorem are onto func- 
tions. A simple calculation shows that they are also one-to-one. 
Furthermore, for any s © S and t € 7, we have 
Ast = [As(t0-!)]0 = [s(t0-1)]9 = (s0)t = Asot 
so that X; = Ase, and dually p,; = pse, establishing the equality 
70 = ms. Finally, for any w = (\,p) € Q(S) and s € S, we ob- 
tain 


(ws)0 = (As)0 = [d(s00-!)]0 = X(s0) = (w6)(s0) 


and dually (sw)@ = (s0)(w6). 


for all s € SS. 


Proof. Let € and n be as above. For every t € T, there exists 5 € 


S such that 7 = m7 = m,. Hence for any w € 2S), 


(wi)m, = (wi) ast) = (was)E = (wasn = (wn)(rsn) = (wn), 


Let T be a semigroup which is either weakly 
reductive or globally idempotent and let S be any semigroup. If — and 
n are isomorphisms of Q(S) onto Q(T) which agree on II(S) and map 
II(S) onto I(T), then — = ». In particular, for an isomorphism 6 of S onto 
T, @ is the unique isomorphism o of Q(S) onto Q(T) for which mo = m9 
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since II(S) is an ideal of 2(S), and dually one shows that (wt) = 
m (wt). In view of II.1.11, we conclude wt = wn, and thus f= 
n- The second statement of the corollary now follows from 
130 = m9 for all s € Sin 2.1. 


V2.9 COROLLARY. If S and 7 are weakly reductive semigroups, 
then every isomorphism of II(S) onto II(7) can be uniquely extended to 
an isomorphism of 0(S) onto Q(7). 


Proof. In light of 2.2, it suffices to observe that for a weakly re- 
ductive semigroup S, 7:S — II(S) furnishes an isomorphism of 
S onto II(S). 


We denote by @(S) the group of automorphisms of a semigroup S. 
Note that the order o(g) of an element g of a group G is the order of the 
cyclic subgroup of G generated by g. 


V.2.4 THEOREM. Let S be a semigroup. If @ € @(S), then o(@) > 
o(6); the equality holds if S is either weakly reductive or globally idem- 
potent. In addition, if S is weakly reductive, then every automorphism 
of II(S) can be uniquely extended to an automorphism of Q(S), and the 
two have the same order. 


Proof. Let 6 © @(S) and (\,p) © 2(S). Then a simple inductive 
proof shows that for any positive integer n, we have (\,p)6" = 
(¢n,Wn) Where 


nS. = [A(sé-*) 0", SWn = [(80-")p]O" (s € S). 


Hence if 6" = ts, we obtain (¢1,Yn) = (,p) and thus 6" = ts), 
proving that 0(@) > o(6). Further, suppose 6” = ts); then 


[A(s0-") 67 = As, [(s0—")p]0"” = sp (s € S). 
In particular, for any x,y © S, 
xy = Axy = [Ax(VO)]0" = [xVO™) ]"_ = (XO")y 
and similarly yx = y(x6"). Thus if S is weakly reductive, then 


x6" = x for all x © S and hence 6” = ts, proving that o(6) < 
o(6). From this calculation it also follows that xy = x(yé") = 
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(x6")(yo") = (xy)6", and hence in a globally idempotent semi- 
group S, 6" = vs. Thus in this case also 0(8) < o(8). 

The last two statements of the theorem follow from 2.3 and 
what we have already proved. 


We can sharpen the above results for certain special classes of semi- 
groups. 


V.2.5 PROPOSITION. Let S be a weakly reductive semigroup 
which is either simple or 0-simple. Then II(S) is contained in every 
nonzero ideal of Q(S), every automorphism of 2(S) maps II(S) onto 
itself, and the mapping 6 — @ is an isomorphism of @(S) onto @(Q(S)). 


Proof. If Sis simple, then TI(S) is also since S = II(S). By 1.3.11, 
II(S) is the kernel of Q(S). Assume that S is 0-simple. Since S = 
II(S), we have that II(S) is 0-simple. Let J be an ideal of (2(S) 
for which TI(S) N J ¥ I(S). Then 0(S) N J = zo since 1(S) N 
J is an ideal of II(S) which is O0-simple. Then for any s © S and 
w € I, we have wz, tsw € ICS) N J = mo, and hence wz; = mo7s, 
Tw = msg. These equalities for all s © S imply w = 79 by 
III.1.11. Consequently II(S) is contained in every nonzero ideal 
of Q¢S). This proves the first statement of the proposition; the 
second statement follows from the first since the property of 
“being contained in all nonzero ideals” is evidently preserved by 
every automorphism. Combining this with the last assertion of 
2.4, we see that the function which to each automorphism of 
Q(S) associates its restriction to II(S) is an isomorphism of 
@(Q(S)) onto @Q(II(S)). But then 6—> 6 must be an isomorphism 
of @(S) onto @(Q(S)). 


We will now briefly discuss inner automorphisms. 


V.2.6 DEFINITION. If S is a semigroup with identity and a is an 
element of the group of units of S, the function ¢, defined by: 


Seq, — Ge 'sa (s € S) 
is the inner automorphism of S induced by a. 


We cannot speak of inner automorphisms for a semigroup without 
identity, but we can find a substitute as follows. We denote by 2(S) the 
group of units of QS) for any semigroup S. 
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V.2.7 LEMMA. Let S be a semigroup, let (\,o) € D(S) and assume 
that \ and p are permutable. The function da,o) defined by 


Shao = O'ts)p (Ss €S) 


is an automorphism of S. 


Proof. For a given .6q,.), both \ and p are permutations of S and 
hence so is 6q,,). For any x,y € S, we obtain 


Qu x)y = ATHAMAT*X)y]} = AT"OATLx)y] = AT"(xy) 
and A~! € A(S), hence 


(xy) 6a.) = A *xp)lo = [7 x)ylo = A-!x)(Vp) 
= A1XOQATY)p] = AX) {AMA y)p]} 
= [AT x)e]lATY)e] = 60,0) 05a,0), 


proving that 6,,,) is also a homomorphism. 


V.2.8 DEFINITION. The mapping 6a,,) defined above is the 
generalized inner automorphism of S induced by (\,p). 


By G(S) we denote the set of all generalized inner automorphisms of S. 
We have seen in the proof of 2.7 that for 6,,,), \~! is a left translation. 
Further, for any s € S, 


(A-!5)p = AT!AAT!s)o] = A“"[AA=!5)o] = ATH(5p), 


and hence we can write séq,,) = \~!sp if we wish. It is clear that in the 
case that S has an identity, generalized inner automorphisms coincide 
with inner automorphisms. 

A part of the following result is an analogue of a familiar theorem in 
group theory. 


V.2.9 THEOREM. Let S be a semigroup which is either weakly 
reductive or globally idempotent. Then G(S) is a subgroup of @(S) and 
the mapping x defined by 


x:Asp) > 6a.)  (A,e) € 2(S)) 


146 THE TRANSLATIONAL HULL Vv 


is a homomorphism of 2(S) onto G(S) with kernel Z(S) N C€(Q(S)) so 
that 


2(S)/[Z(S) N e(A(S))] = g(S). 
In addition 69... = €a.. 


Proof. If (\,p) € 2(S), then by III.1.9 or III.1.10, and p are 
permutable and thus 6a,,) is defined. Let (A,p),(¢,w) € 2(S). 
Then (A~!,p-!) = (A,p)~! € 2(S) which implies that \~! is per- 
mutable with y. For any s € S, we obtain 


S5a,r5eH = G1 {[Ag!S)olv} = 1 {[\(sp)]¥} 
= o![A“l(spp)] = (1A (spy) 
(Ag) !s(py) 


which implies 6¢,.) io, = Siag.oy) = Sa.) and proves that 
x is a homomorphism and G(S) is a group. Further, for any 
(A,0) € Z(S), ba.) = (tas), «acs)) iS equivalent to \—!sp = s for 
all s € S, which can be written as As = sp for all s € S. By 1.5, 
the latter is equivalent to (A,p) © 2(S) N e(Q(S)). This proves 
the assertion concerning the kernel; the isomorphism is a con- 
sequence of the fundamental homomorphism theorem for 
groups. 

Let (A,p) € 2(S) and (y,¥) € 2S). Then (p)Oan = (v'¥’), 
where for all s € S, 


g's = [v(s80,0))]80.0) ae A“ ![e(Asp—!)]p = (A~!od)s 


and analogously sy’ = s(p-'Wp). Consequently (¢’,y’) = 
Op) (eWOse) = (¢.W)ea,) as required. 


We always have 2(S) N e(Q(S)) C e(2(S)); in 5.7 we will encounter 
an example showing that the inclusion may be strict. 
V.2.10. Exercises 


1. Show that for any semigroup S, the mapping o:6 > 6 (6 € @(S)) 
is a homomorphism of @(S) into @(2(S)). Also show that if S' is 
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weakly reductive or globally idempotent, then olgs) is an iso- 
morphism of G(S) onto @(Q(S)). 


2. Let S be any semigroup for which any two elements of 2(S) are 
permutable. A nonempty subset K of S is called a conjugate of a 


subset K’ of S if there exists (\,o) € Z(S) such that \-1Kp = K’. 
Show that the set 


{(sp) € B(S)| Kp = K} 


is a subgroup of 2(S) whose index in L(S) equals the number of 
conjugates of K. 


3. Let S and S’ be 0-simple or simple weakly reductive semigroups 
and ¢ be an isomorphism of T onto 7’, where II(S) C T C Q(S) and 
II(S’) € 7’ € Q(S’). Show that there exists a unique isomorphism @ 
of S onto S’ such that @ |; = ¢. 


V.2.11 REFERENCES: — Croisot [2], Dubreil [1], Gluskin [3], 
Thierrin [5]. 


V.3. Rees Matrix Semigroups 


We have defined in IV.2.6 a Rees matrix semigroup over a group. 
Now we wish to find a suitable isomorphic copy of its translational hull. 
These semigroups are closely related to a more general class of semi- 
groups with zero. Since the latter class of semigroups plays a very im- 
portant role in view of the Rees theorem (which we have not discussed 
in this book) and since it takes only a little more effort to find its trans- 
lational hull, we will find an isomorphic copy for the semigroups of this 
wider class. Note that “a group with a zero adjoined”’ is usually ab- 
breviated to ‘‘a group with zero” and denoted by G°. 


V.3.1 DEFINITION. Let G® be a group with zero, let J and M be 
nonempty sets, and P: M X J— G® be any function satisfying the 
following requirement: for each » € M, there exists 7 € J such that 
Pui ~ 0, and for each j € J, there exists y € M such that p,; ~ 0. Let T 
be the set J X G® X M together with the multiplication 


. 
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(7,a,u)(j,5,v) = (i,ap,;b,v). (1) 


Then T is a semigroup and the set J = {(i,0,u)|7¢ J, » © M} is an 
ideal of JT. The semigroup S = 7/J is called the Rees J X M matrix 
semigroup over the group with zero G° with the sandwich matrix P and 
is denoted by S = M°U,G,M;P). 


We will usually call such a semigroup a Rees matrix semigroup with 
zero, or simply a Rees matrix semigroup, if there is no danger of con- 
fusion (the semigroup defined in IV.2.6 is sometimes called a Rees matrix 
semigroup without zero). Forming the Rees quotient 7// is usually re- 
ferred to as identifying all triples with second entry zero. Strictly speak- 
ing, multiplication in S is defined by 


vc onre yin [bDathsr) ple a rerey Oy 
(.4,u)Q,0,) = | 0 otherwise, 


(i,4,u)0 = O(7,a,u) = 00 = 0. 


Hence, to simplify notation, we will write all elements of S in the form 
(i,a,u), Where the zero is written as (7,0,u) with arbitrary 7, u (or as 0), and 
adopt multiplication in (1). As usual, the semigroup S can be considered 
as defined on the set J X G X M) U 0. 

These semigroups also admit a matrix interpretation. We modify the 
discussion after 1V.2.6 only by admitting the 7 X M matrix all of whose 
entries are zero. Thus our semigroup consists of all 7 X M matrices over 
the group with zero G° having at most one nonzero entry and multiplying 
by the rule 4 * B = APB. 

If S = M°U,G,M;P) and 0 is a completely prime ideal of S, then S* 
is a semigroup, in fact, a Rees matrix semigroup without zero. This is 
equivalent to the sandwich matrix P having no zero entries. Conversely, 
if S = MNU,G,M;P), then IW°U,G,4;P) can be interpreted as S with a 
zero adjoined and 0 is a completely prime ideal of this semigroup. There- 
fore, in studying the properties of both kinds of semigroups, it suffices in 
most cases to prove results about a Rees matrix semigroup with zero 
and then obtain the corresponding results for a Rees matrix semigroup 
without zero. However, it is sometimes easier to consider the case without 
Zero, since the case with zero sometimes presents difficulties not present 
in the other case. For example, I[V.3.3 has an analogue for the case 
with zero which is much more complicated. We will usually state a 
property for the case with zero and leave as an implicit (though im- 
perative) exercise the statement and derivation of the corresponding 
property for the case without zero. 
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V.3.2 DEFINITION. Let X be a set. A function a mapping a subset 
Y of X into X is a partial transformation on X; Y is the domain of a, de- 
noted by da, and {x € X| ay = x for some y € Y} is the range of a, 
denoted by ra; the cardinal number |ra| is the rank of a, denoted by 
rank a. For convenience, the empty transformation, denoted by ©, is 
the mapping withd@ = r@ = @, the empty set. 


Let 5(X) be the set of all partial transformations on X together with 
the multiplication (a@)x = a(8x) for all x € d@ for which Bx € da; 
otherwise (a@)x is not defined. 

It is easy to verify that 5(X) with this multiplication is a semigroup 
with zero @ and identity cy; F(X) is the semigroup of all partial trans- 
formations on X written on the left. 

We can essentially repeat these definitions by writing the functions 
on the right. The corresponding semigroup is denoted by §/(X). For 
example, multiplication in $’(X) is given by: x(a8) = (xa)@ for all x € da 
for which xa € df. 

The semigroup A(S), for a Rees matrix semigroup S, can be con- 
structed by a device analogous to the wreath product of groups. We 
proceed to describe this construction. 

Let X be a nonempty set and G be a group. We have denoted by @ 
the empty transformation on X; we now denote by the same symbol @ the 
“empty function” from X to G (again, d@ = r@ = @), only for the 
convenience of notation. Let ¢ and y’ be functions from subsets of X 
(including possibly the empty set) into G, written on the left, and de- 
fine the product of these two functions “pointwise” by 


(g-¢’)x = (¢x\(¢’x) 


for all x € X for which (yx)(y’x) is defined, i.e., for all x € dg N dg’. 
For a € &(X) and ¢ as before, define ¢* as the function 


g*x = g(ax) 


for all x € X for which ¢(ax) is defined, i.e., for all x © da such that 
ax € dg. 


V.3.3 DEFINITION. Let P be a subsemigroup of 5(X) and G be 
a group. The /eft wreath product of P and G, denoted by P wf G, is the set 


(ap) | « € P, pda — G} 
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together with the multiplication 
(a,g(a’,e’) = (aa’,e* ¢"’). 


It is easy to see that P wé G is closed under this multiplication (i.e., 
aa’ and ¢* -y’ have the same domain). That this multiplication is associa- 
tive will follow from the next theorem. 

Let S = °(,G,M;P), \ € A(S) and suppose that A(i,a,u) + 0. Then 
there exists j © J such that p,; = 0 and thus 


Mi,aju) = (ian) jp; })) = AGanw))Gp,}.4) = 0. 


Hence X(i,a,u) = (k,b,u) for some k € J, 6 € G. In other words a left 
translation does not change the index in M. 

As usual the identity of G will be denoted by 1. Suppose next that 
Mi,l,u) = (7,644) = O and that A(i,1,v) = (k,c,v) = 0, Then for some 
m € I, p,m ~ 0 and thus 

(j,5,v) = (j,b,u)(1, Pins?) ar [\G, 1,u)](, p51”) 
= M@,Lu)n,pzn¥)] = AG Lv) = (k,c,v) = 0. 
Consequently 7 = k and 6 = c which shows that the value of the first 


two indices of \(i,1,u) depends only on i. 
In view of this discussion, we are able to define the function a below. 


V.3.4 THEOREM. Let S = M°U,G,M;P). Then the function a de- 
fined by 


ad = (a,¢) (A S A(S)), 
where 


da = dg = {i € J| AG, 1,u) + O},—7 (1) 


real 
MG, lu) = (aigi) if i € da, 
is an isomorphism of A(S) onto 5(/) wé G. 


Proof. We observe that fora = (a,¢), i © da and any (/,a,u) © 
S, there exists 7 © J such that p,; ~ 0, and thus 


Mian) = MG Lu ips} aw] = AGLWIG.p21a,u) 
= (ai,¢i,u)j,P,/ Qu) = (ai,(vi)a,u). 
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Consequently 


_ f(ei(gijau) if i € da, 
MGa,n) = {\ if? 1 de 


To show that ais a homomorphism, let A,’ € A(S) witha = 
(a,¢) and aX’ = (a’,y’). If aa’ ¥ BZ, let i € d(aa’). Then i € da’, 
a’i € da, and using the existence of j € J such that Pui # 9, we 
obtain by (2), 


ANG, 1,u) = Ma’i,g’i,u) = (aa’i,(ga’i)(¢'i),u) 


(aa’i,(y*' ¢’)i,u). 


If aa’ = @, then AX’ = 0, since otherwise there would exist i € 
Tsuch that \\’(i,1,u) + 0 and the above calculation would imply 
that aa’ ~ @. Therefore ais a homomorphism. It follows from 
(2) thata\ = ad’ implies \ = ‘so that a is one-to-one. 

To show that a is onto, let (a,¢) € FJ) we G and define \ by 
(2). If i € da and p,; ¥ 0, then 


[Mi,a,u)](7,,v) = (ai,(ei)a,u)(j,b,v) = (ai,(giapyjb,v) 
J M7, apy jb,v) = M(@a,u)(j,5,”)], 


while otherwise both [A(i,a,u)](j,b,v) and A[(i,a,u)( j,b,v)] are zero. 
We conclude that \ € A(S) and by (2) that a\ = (a,¢) which 
proves that ais also onto. Thus a is an isomorphism of A(S) 
onto S(/) wé G. 
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(2) 


We next construct the “‘right”’ version of the wreath product. Let X be a 
nonempty set and G a group; the identity of G will be denoted by 1. The 
empty function from X into G has the same meaning as above. For the 
functions y and y’, written on the right, from subsets of X into G, de- 
fine their product by 


xP’) = Oo’) 


for all x © dy M dy’. For 8 © &(X) and w as before, define *y as the func- 


tion 


xPp = (xB) 


for all x € dB such that xB € dy. 
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V.3.5 DEFINITION. Let G be a group and Q a subsemigroup 
of ¥/(X). Then the right wreath product of G and Q, denoted by 
G wr Q, is the set 


{(¥,8) | ¥:dB > G,B € Q} 
together with the multiplication 
(¥,B)(Y',8") = (Y *Y’,88’). 
A discussion entirely analogous to that preceding 3.4 assures that 


we may define the function b below. 


V.3.6 THEOREM. Let S = 90°(7/,G,M;P). Then the function a 
defined by 
ph= (¥,8) (pe © P(S)) 
where 
dg = dy = {u€ M|G@lu)p ¥ O}, (1) 
G@1,u)p = Guy,u8) if pw € dB, 


is an isomorphism of P(S) onto G wr ¥’(M). 


Proof. The proof is analogous to that of 3.4 and is left as an ex- 
ercise. We only give the analogue of (1) in 3.4, viz., 


7 = { (Z,a(uy),u8) if BOS dg, 
(.a,u)p = 0) otherwise, (2) 
and p has the property that pb = (y,8). 


The linking of a left and a right translation can be expressed as follows. 


V.3.7 PROPOSITION. Let S = M°U,G,M;P) and let ad = (a,c) 
and ph = (¥,8). Then (A,p) € Q(S) if and only if the following con- 
ditions hold: For any i € J, nu € M, 

1) 2€ da, Pyai) ~O ifandonlyif yp € d8, Pusyi + 0, 

ii) Pulai(¢i) = (uP) P ws) i i 2 & da, Pu(ai) # 0. 


Further, for (\,o) € Q(S), we have \ = 0 if and only if p = 0. 
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Proof. The first statement follows directly from the following 
calculation: 


Carre te Mee eet) Wi ees ae 
0 otherwise 
¥ F iiedelncs if i € da, Pyaiy ~ 0, 
0 otherwise, 


and similarly 


: _ [(ay))pusiby) if uw € dB, pup: ¥ 0, 
(awdolibs) = {5 ee 


The proof of the second statement is left as an exercise. 


Writing the elements of (S) as (\,p) in our present case amounts 
to writing (a~!(a,¢), (¥,8)h-!). To simplify the notation, it is convenient 
to identify (a,g) with \ and (y,8) with p, respectively, and write the ele- 
ments of 2(S) as ((a,¢), (y,8)). 

Condition i) in 3.7 usually presents great difficulties. However, this 
condition is vacuous if all entries of P are nonzero (i.e., in the case in 
which 0 is a completely prime ideal). Condition ii) can be written in the 
form 


py = Pucai)(PDP GB): if Pe da, P, (ai) ¥ 0. 


Thus y is completely determined by a,¢,8. For (a,g) and (y,8) as in 3.3 
and 3.5, for the sake of convenience, we let 


rank(a,¢) = rank a, rank(y,G) = rank £. 


We will now locate II(S) in Q(S). 


V.3.8 THEOREM. Let S = 909(,G,M;P). For 0 # (\,p) € Q(¢S), we 
have (A,p) € I(S) if and only if rank a\ = rank ph = 1. 


Proof. Let ad = (a,¢), ph = (8,) and 0 # (A,p) € 2(S). 


Necessity. Let (A,p) € I(S). Then by the definition of I(S), we 
have 


= XCj,b,»)s Pe TAG, onY) > (1) 
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for some nonzero (j,b,v) in S. Using (1) of 3.4 and (1) of 3.6, we 
obtain 


da = {i € I | pi ~ O}, (2) 
dB = {u € M: p,; # O}. (3) 


For 7 € da, using (2) of 3.4, we have 


\(i,a,u) a (j,b,v)(i,a,u) = (j,bpvia,u) p= (ai,(vi)a,u), 
whence 


gi = bpyi, ai=j  (i€ da); (4) 


the last equality implies that rank a = 1. Analogous computa- 
tion shows, using (2) of 3.6, that 


wy = Pujb, uB=v (u € dp); (5) 
again the last equality implies that rank 6 = 1. 


Sufficiency. By hypothesis rank a = rank 6 = 1 so that ai = j 
for all 7 € da and some j € J; similarly 48 = »v for all uw € dg 
and some pv € M. 


Let i € J be arbitrary. If P,; + 0, then for any » € d®, we have 
Pus)i = Pvi ~ O and hence i € da by 3.7. Conversely, assume 
that 7 € da. Then ai = j and there exists 1 € M such that p,; # 
0. But then 7 € da and pyai)  O imply pyus)i + O by 3.7 so that 
Pi * 0. This proves (2); (3) is established analogously. 

Let 7 € da, uw € dG; then by (2) and (3), we have p,; ~ 0 and 
Puj ~ 0, and by 3.7 ii), we also have p,(¢i) = (uW)p,i, whence 
(¢i)p,;| = Pu} (up). Since j and y are fixed, in the last equation 
the left hand side depends only on /, while the right hand side 
depends only on uw. Since 7 © da and w € df are arbitrary, both 
sides must be equal to a constant, say b. Hence (4) and (5) are 
satisfied. Since also (2) and (3) have been established, we may 
reverse the steps of the first part of the proof to see that (1) also 
holds. Thus (A,p) € II(S). 


V.3.9 COROLLARY. For S = M°U,G,M;P), we have 


II(S) 


ll 


{Q,e) € QOS) | rank ad < 1, rank pp < 1} 
{(,o) € Q¢S) | rank a\ = 1 = rank ph} U 0. 


ll 
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We consider next the translational hull of a Rees matrix semigroup 
over a group. Most of the results will follow from the case already con- 
sidered via the following lemma. The functions a,y,a, etc., have the 
same meaning as before even though S has no zero. 


V.3.10 LEMMA. Let T be any semigroup and S = T U 0, where 
0 ¢ T and 0 acts as the zero of S. If \ € A(T), then the function ’ de- 
fined by 


satisfies \’ € A(S). Conversely, if § € A(S) maps T into T, then &, € 
A(T). The corresponding statements are valid for right translations 
p, p'. Further (\,p) € Q(T) implies (\’,o’) € Q(S); conversely, if (£7) € 
Q(S) and both £7» map T into T, then (§|7,n|7) € Q(T). Finally 


Proof. Exercise. 


Recall the notation 3(X) and 3’(X) for the semigroups of all trans- 
formations on a set X from I.6.2. 


V.3.11 THEOREM. For S = mdU,G,M;P), the following state- 
ments are valid. 
i) A(S) = 35) we G. 
ii) PCS) = G wrsd(M). 
ili) For a\ = (a,g) and pb = (¥,8), we have (A,p) € Q(S) if and only if 
Pucaiy(gi) = (uW)P (us): for alli € I,u € M. 
iv) I(S) = {(Q,p) € 2¢S) | rank a\ = rank ph = 1}. 


Proof. This follows from 3.4, 3.6 and 3.9 in conjunction with 3.10. 


V.3.12 COROLLARY. Let L, G and R be a left zero semigroup, 
a group and a right zero semigroup, respectively. The following state- 
ments hold. 
tye Ge R) SL) GEX TCR): 
ii) AL X GZWL) X G, AG X ISG XK MR). 
iii) QL X R) HL) X (RK), AL) = HL), QR) = F(R). 


Proof. It suffices to prove item 7); the remaining items are its ob- 
vious consequences. Hence let S = L X G X R. It is clear that 
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S > m(U,G,M;P) where |L| = [J|, |R| = |M| and all entries of P 
are equal to the identity of G. Hence the condition in 3.11 iii) re- 
duces to gi=py for all 1€ I,u€M where (,p) € 
Q(9NU,G,M;P)) and ad = (a,¢), pb = (y,8). Letting gi = uy = 
g © G, it is easy to verify that the function x defined on 
a(on(,G,M;P)) by x: (A,p) > (a,g,8) is an isomorphism onto 
31) X G X 35M). Going back to S it follows immediately that 
item i) is valid. 


One frequently wishes to know when the projection homomorphism 
of Q(S) into A(S) (or P(S)) is one-to-one. For in such a case, we may 
consider, e.g., A(S) instead of 2(S) which in some cases simplifies the 
calculations. To this end, we introduce a new concept. 


V.3.13 DEFINITION. Let S = M°U,G,M;P). The y-th and »-th 
rows of P are /eft proportional if there exists c © G such that p,; = 
cpyi for all i © J. The i-th and the j-th columns of P are right proportional 
if there exists c € G such that p,: = p,j;c for all uw € M. 


V.3.14 THEOREM. The following conditions on S = 9N°(U/,G,M;P) 
are equivalent. 
i) For every left translation there exists at most one linked right 
translation. 
ii) For every inner left translation there exists at most (exactly) 
one linked right translation. 
iii) The left translation c, is linked to at most (exactly) one right 
translation. 
iv) No two different rows of P are left proportional. 
v) Sis right reductive. 


Proof. iii) implies iv). Suppose that p,; = cp,i for some c € G 
and all? € J. Define y and 8 on M by: 


eYW=c and yw=1 if y¥u, 
uB=v and yB=y if y#u. 


It follows immediately that p,; ~ 0 if and only if py,s); # 0, and 
if so, then (y)pua)i = Pyi, which by 3.7 implies that (c,,¢,) and 
(¥,8) are linked, where y, maps J onto 1. By hypothesis, it then 
follows that ¥ = Py, 8 = ty since (i,,¢,) and (Yy,,,,) are linked, 
where ¥ maps M onto 1. But then uy = wy, = wB = v. 

iv) implies v). Suppose that for a,b + 0, 


V.3. 
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Ca uNk,x,y) = (Ab Mkx7) (kx) € S). (1) 


For p,x # 0 and x = 1, (1) yields aPuk = bp,x, whence we have 
Puk = a"bp,x. It also follows from (1) that p,, ~ O if and only if 
P»x ~ O so that pyx = a~'bp,x is valid for all k € I. By iv) we 
have « = v, which together with p,, = a—bp,x implies a = b. 
Since (1) also implies i = j, we have proved (7,4,u) = (j,6,7). 


The remaining implications follow from the next proposition. 


V.3.15 PROPOSITION. Let S be any semigroup and let i), ii), iii) 
and vy) be as in 3.14. Then i) implies ii) and iii), and v) implies i). Also ii) 
implies v) if S is weakly reductive and ii) implies i) if S is globally idem- 
potent. 


Proof. Exercise. 


ox 


V.3.16. Exercises 


Using the notation of the proof of 3.14, show that the following 
conditions on S = 9N°(,G,M;P) are equivalent. 

i) If a(a,yv) is linked to both (¥,8)b and (y¥,6’)b, then B = p’. 
li) If cy is linked to (¥m,8) , then B = ty. 
iii) Pui = p,i for all 7 € J implies p = »v. 
Also show that if a(a,¢) is linked to both (¥,8)b and (y’,6)b, then 
y=yY. 
Let X be a nonempty set and by @(X) denote the set of all nonempty 
subsets of X. Define a #(X) X X-matrix P by: P = (paca) where 
pao = lifa € Aandpa = Oifa ¢ A, and let S = M(X,1,0(X);P). 
Setting Fo(X) = {a € 5(X) | rank a < 1}, prove: S = Fo(X), Q(S) = 
A(S) & &(X). 


For S = 9v°U,G,M;P), find the center of Q(S). 


Show that &(X) is a regular semigroup and find all its idempotents. 
Characterize completely regular elements of F(X). 


Find the idealizer of 59(X) in (X), and show that 3°(X) is a left zero 
semigroup, a densely embedded ideal and the kernel of 3(X). 


Find the center of 3(X) and of &(X). 


. 
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V.3.17 REFERENCES:  Petrich [11], [12], [13], [14], [16], [17]. 


V.4. Inverse Semigroups 


Along with the class of completely regular semigroups, the class of 
inverse semigroups represents the most important subclass of the class 
of regular semigroups. We consider here the translational hull of an 
arbitrary inverse semigroup; in the next two sections, we will give pre- 
cise constructions for special kinds of inverse semigroups. 


V.4.1 DEFINITION. An inverse semigroup is a regular semigroup in 
which every element has a unique inverse. 


The unique inverse element of an element s of an inverse semigroup 
S will be denoted by s~!. If s is also a completely regular element, this 
notation agrees with that introduced in IV.1.3. We will use the next 
lemma without express reference. 


V.4.2 LEMMA. In any inverse semigroup S, we have 
(xy)! — i a a (x-1)-! = ee el — a (x,y & AY e€ Es). 


Proof. Exercise. 


V.4.3 DEFINITION. A function ¢ mapping a semigroup S into a 
semigroup S” is an antihomomorphism if for all a,b © S, (ab)e = (be)(ag). 
The concepts of antiisomorphism, antiendomorphism and antiautomorph- 
ism have their obvious meaning. 


For an inverse semigroup S, 4.2 says that the mapping s > s~! (s € S) 
is an antiautomorphism of S leaving the idempotents of S fixed and 
whose square is the identity mapping. A kind of converse is provided by 
the following result. 


V.4.4 LEMMA. A regular semigroup S having an antiendomorph- 
ism which leaves the idempotents of S fixed is an inverse semigroup. 


Proof. Let ¢ be such an antiendomorphism, and let y and z be 
inverses of an element x in S. Then 
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Y = yxy = W(xzx)y = (yx)o(zx)ey 
= (zxyx)ey = (zx)ey = zxy 


and analogously z = zxy proving that y = z. Thus S is an in- 
verse semigroup. 


A result of general interest for regular semigroups is the following. 


V.4.5 LEMMA. A regular semigroup S is an inverse semigroup if 
and only if its idempotents commute. 


Proof. Let S be an inverse semigroup, e and f be idempotents 
of S, and a = (ef)~!. A simple calculation shows that both ae 
and fa are also inverses of ef which by uniqueness of inverses 
implies a = ae = fa. But then a? = (ae) fa) = a(ef ja = a, and 
thus a = a“! = ef. Hence ef € Es and analogously fe € Es. 
Consequently (ef )(fe)(ef) = ef and (fe)(ef (fe) = fe proving 
that (ef )-! = fe. On the other hand, (ef)-! = ef since ef € Es. 
Thus ef = fe as required. 

Conversely, suppose that idempotents of S commute, and let 
y and z be inverses of an element x of S. Then 
y = yxy = W(xzx)yp = W(xzxy) = yxyNxz) = yxz 
and analogously y = zxy, which implies 


y = yxy = (zxy)x(yxz) = 2(xyxyx)z = z2xz = Z, 


as required. 


V.4.6 THEOREM. If S is an inverse semigroup, then so is (S). 
Proof. Let (d,p) € 2(S) and define \ and @ by: 
Ie = Ott, p= (ry! (ES). (1) 
Then for any x,y € S, we obtain 


hay) = (Op) tel" = (Ox Delt = ly “al 
= (x!p)-!y = (Ax)y, 

Day! = PAG! = [Ay Ya 

= xy)! = xp), 


(xy)p 
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xy) = x19)! = [Opt = Dax) 
= Ox!) ly = Gp)y 


which proves that (4,8) € 2(S). From (1) follows 
(xxl = xtp, © (xp)! = Xx! 
whence 
Xx = (xp)! = dx, xp = \(x-1)-1 = xp, 


and thus 


We then have, using (2), 


[OXA)(xex-})]2 = (XxX !Y(NAXX) = ALAA 1)(XAX)] 71 
= NMOAX)AA!AAX)Ja-! = ALCA®)AX)-!OX))Ja7} 
= A(Ax)x = OAK 1) 


which yields [(X\)(xx—!)|-! = (XA)(xx7!). Further, using (1), (2) 


and (3) we find 


[Ad)QxD IE = AAG!) PoE = [AGex1) “Ip 
= [Ax "p= [explo = (xx! pp. 


Therefore 

(MAXX!) = (xx ")p), 
and analogously, 

(AX)(X-!xX) = (X-1x)(09). 
From (2) and (5), it follows that 


(AdA)x = MOA AX] = Al(xx~!(Hp)]x 
= (Axx BMAX) = (Ax)AX)~!"(Ax) = Ax. 


Also from (2) and (6), we obtain 


(2) 


(3) 


(4) 


(5) 


(6) 


V.4. 


INVERSE SEMIGROUPS 161 
X(epp) = x[(x~!x)(pp)]o = x[(AX)(X-! x) ]p 
= (Xp)AX~")(xp) = (xp)(xp)-\(xp) = xp. 
Consequently 


(,0)(0,2)(;p) = (,p), Oe) 
1.e., Q¢S) is regular. It may be shown analogously that 
Q,0)0,0),8) = Q,A). (8) 


To complete the proof, by 4.4 it suffices to show that the 
mapping 


8:(A,p) > (,8) (Ap) € 2(S)) 


is an antiendomorphism leaving the idempotents of Q(S) fixed. 
Indeed, for any (¢,W) € 2(S), we have 


hax = AQ)! = (xp)! = hx 


and dually sy = Wp so that 6 is an antiendomorphism. Finally let 
(\,e) be an idempotent of Q(S). Then for any x € S, 


NAA by (8) 

(XA)AA(XX})] x by \2 = \ and (3) 

= (AA)[(xx-! )pp](xx-!)x by (5) 

= [XA(xx7!)][\A(xx-})] x by the linking condition 
= [\A(xx-!)][\A(xx-!)] x by (3), (4) and 4.5 

= A (xx-!)OAX)] 


oe 


I 


= dAl(xx~!)pp]x by the linking condition 

= (AN7A)x by (5) : 
== NNAX since p2 = p implies \* = X 
2%: by (7). 


One shows similarly that p = p proving that 6 leaves the idem- 
potents of Q(S) fixed. 
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V.4.7. Exercises 


Let T be a nonempty subset of an inverse semigroup S. Show that 
{x1x2...Xn| either x; € T or x;' € T} is the least inverse sub- 
semigroup of S containing T. 


Let S be an inverse semigroup. Show that if \ € AGS) maps idem- 
potents onto idempotents, then \? = \. Also prove that the fol- 
lowing conditions on (A,p) € Q(S) are equivalent: (i) A? = A, (ii) 
p2 = p, (iii) maps idempotents onto idempotents, (iv) p maps 
idempotents onto idempotents. Deduce that Eg:s) & (Es). 


Show that every inverse semigroup is reductive. 


Let S be an inverse semigroup. Show that an automorphism of 
(S) which leaves the idempotents of II(S) fixed also leaves all 
idempotents of Q(S) fixed. Deduce that if 6 € @(S) leaves the 
idempotents of S fixed, then 6 leaves the idempotents of 2(S) fixed. 


Show that for an inverse semigroup S without identity, Q(Es) & 
E} if and only if Q(S) = 11(S) U 2(S). 


Show that a regular semigroup S has an antiendomorphism @ such 
that for every s € S, s(s@) is a right identity of S if and only if Sis a 
left group. 


Show that in an inverse semigroup S, is(Es) = Es and 
{x € S| xe = ex for all e € Es} 


is the greatest completely regular subsemigroup of S containing Es. 
Let 9 be an antiisomorphism of a semigroup S onto a semigroup 
T. For every (\,p) € (S) define \ and @ by: 

At = [(t0-!)p]@, tp = [d(16-)]o (t € T). 


What kind of mapping is (\,p) — (X,p)? 
Show that a right cancellative inverse semigroup must be a group. 


Let V be an extension of a semigroup S by a semigroup Q with 
zero. Let P stand for any of the following properties of semigroups: 
(i) regular, (ii) completely regular, (iii) inverse semigroup, (iv) 
semilattice. Show that V has property P if and only if both S and Q 
have property P. 
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11. Let J be a nonempty set and G be a group. Define 
x: 5) wl G—> Gwrs'() 


by x:(a,¢) — (¥,8) where a and 8 and also ¢ and y are the same 
functions written on opposite sides of the argument. Show that x is 
an antiisomorphism of $(/) wf G onto G wr $'(/) if and only if G is 
commutative. 


12. Show that a regular semigroup S is an inverse semigroup if and only 
if for any a,x,y € S, a = axa = aya implies xax = yay. 


V.4.8 REFERENCES: Ponizovskii [1]. 


V.5. Brandt Semigroups 


We will now characterize the translational hull of a Rees matrix semi- 
group which is also an inverse semigroup. It is convenient to first de- 
scribe such semigroups in a suitable manner. 


V.5.1 PROPOSITION. The following conditions on S$= 
mv (/,G,M;P) are equivalent. 
i) Sis an inverse semigroup. 
ii) Every row and every column of P contains exactly one nonzero 
entry. 
iii) S = m°U,G,/;A) where A is the J X J identity matrix. 
iv) The product of any two distinct idempotents equals zero. 


Proof. i) implies ii). If py; ~ 0 and p,; # 0, then both (i,p,/,\) and 
(j,P},d) are inverses of (i,p;/,d), $0 (ip, 4) = (J.P); 4) which 
implies 7 = j. Similarly p,; ~ 0 and p,; ~ 0 imply = ug, prov- 
ing that P has the required property. 

ii) implies iii). In view of the hypothesis, we may define a 
one-to-one function ¢ mapping M onto J by the requirement 
Putue) #0. We further define a function x from S into 


gv 1,G,1;A) by 


x:(7,4,u) es (GP (9-1) Pr uugy?) ((i,4,4) € S). 
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Then 


(i,a,u)x(j,b,v)x = (i,po (ie): FP up) HP MAP! Ge) jPP*,y)s¥) 


= (p=! Ge) FP rue? Ge jPP? yo)s¥) if Le = yj 
O otherwise 


| eeatratc rer ance ls if Le = J 
0 otherwise 


= (,ap,jb,v)x oe [(i,a,u)( Jb,» |x 


proving that x is a homomorphism. The proof that x is one-to- 
one and onto consists of a simple verification and is left as an ex- 
ercise. 

iii) implies iv). It.is an easy calculation to show that the iso- 
morphic copy 9N%(/,G,/;A) enjoys the desired property. 

iv) implies i). This follows immediately from 4.5. 


V.5.2 DEFINITION. A semigroup S isomorphic to a semigroup of 
the form 9(/,G,/;A) is a Brandt semigroup. 


Hence to find the translational hull of a Brandt semigroup, it suffices 
to consider a semigroup S = 9N°(/,G,/;A). On the one hand, in V.3 we 
have constructed the translational hull of an arbitrary Rees matrix 
semigroup, and on the other, from 4.6, we know that for our S, Q(S) 
is an inverse semigroup. 


V.5.3 DEFINITION. Let X be a nonempty set. A one-to-one partial 
transformation on X is a partial transformation on X which is one-to-one 
on its domain. The set 9(X) of all one-to-one partial transformations 
on X written on the left, is easily seen to be a subsemigroup of &(X); one 
defines 9’(X) dually. Note that @ is an element both of g(X) and 9’(X). 


If a € 9(X), let a“! be the unique function for which da! = ra, 
ra“! = da, aa! = 4,,, a !a = tg,. Similarly for a € 9’(X). It is easy 
to verify that §(X) is an inverse semigroup with a! the unique inverse 
of a. 


V.5.4 PROPOSITION. For S = 90°U/,G,/;A), we have 


i) A(S) = {d € A(S)| ad = (a,9), @ € S(1)} & 5() wt G, 
ii) PCS) = { € P(S)| pb = (,8), B € 9’) & G wr s'(D, 
iii) O(S) & A(S) & P(S). 
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Proof. To simplify the arguments, we will identify \ with a), p 
with ph. Let ((a,¢), (8,~)) € 2(S). Then 3.7 i) becomes i € da, 
J = aiif and only if j € dg, j8 = i. Consequently 8 = a-! prov- 
ing that a € (J). Conversely, if (a,¢) € A(S) with a € g(1), then 
letting j8 = aj and jy = ga-lj for all j € ra, by 3.7 we con- 
clude that ((a,¢), (¥,8)) € Q(S). This proves the equality in i); 
the required isomorphism in i) is the restriction of a to A(S) 
(see 3.4). Item ii) is proved analogously; item iii) follows from 
5.14. 


Let Jo(X) be the subset (in fact, ideal) of 9(X) consisting of those ele- 
ments @ for which |da| = |ra| < 1, and let 1 denote a one-element group. 
Then we obtain the following characterization of 9(X). 


V.5.5 COROLLARY. For S = 979(/,1,/;A), we have 
QS) = I), Il(S) = go(Z). 


Proof. Exercise. 


V.5.6 LEMMA. Let T = 9) wt G; then the group of units of 7 
is given by 


{(a,¢) € Tl a € SU)} = SC) wl G 
where S(J) is the symmetric group on I, and the center of T is given by 
{(t1,¢-) |e € C(G)} U 0 = e(G) 

where ¢-i = c for all i € J. 


Proof. The proof of the first statement is left as an exercise. Let 
(a,v) € C(T). Then for all (én) © T, we have (a,¢)(§,n) = 
(én)(a,¢) which is equivalent to a& = fa and ¢gt-y = n*-¢. 
In particular, let dé = rf = i. Then 7 € da, let j = ai; soj = 
ai = a(£i) = tai = £7 which implies 7 = 7. Consequently a = 
u;. The second equation now yields (¢éi)(ni) = (ni)(¢i) for all 
i € dé. Take i,j € I to be arbitrary; let dé = i, fi = j, ni = 1. 
Then yj = vi proving that ¢ is aconstant, say ¢ = gc. We then 
obtain c(ni) = (ni)c, and since ni is arbitrary, we must have 
c € @(G). Conversely, it is easy to see that (c;,¢-) € C(T) if 
ce CG). 
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The next theorem provides an example announced after 2.9. 


V.5.7 THEOREM. For S = m°(U,G,/;A), we have 
X(S) N e(Q(S)) = e(2(S)) 
except when |/| = 2 and |G| = 1. 


Proof. In view of 5.5 and 5.4, we may substitute 2(S) by SU) wf G 
and Q(S) by s(J) wf G. Moreover, 5.6 gives the center of 
5(1) wé G, while it is well known that @(S(J/)) is trivial if and 
only if |J| + 2. Hence the problem reduces to proving that 


i(tn¢e) |e € C(G)} = C(SU) we G) (1) 


except when |J| = 2 and |G| = 1. If |J| = 2 and |G| = 1, then 
the left hand side of (1) has only one element, while the right 
hand side has two elements. 

We will show next that if |J) = 2 or |G| = 1 fails, then (1) 
holds. It suffices to show that the right hand side is contained 
in the left hand side. Let (a,g) € C(SU/) wé G). Then for any 
&n) © SU) wl G, we have (a,¢E.n) = (&)a,¢) which implies 
a& = ta and ¢§-n = n*-¢. It follows that 


ae CS), (int) = (naiXei) = E J). Q) 


If \I| > 2, then a € @(S(/)) implies a = ¢,;, which by (2) implies 
(¢éi)(ni) = (miX¢i). As in the proof of 5.6, one shows easily that 
¢ = ¢c for some c € C(G). Hence (a,¢) = («;,¢.) with ¢ € e(G) 
and (1) holds. 

The case in which |/| = 1 is trivial, so we may now consider the 
only remaining case in which |/| = 2 and|G| > 1. Let J = {1,2}, 
e be the identity of G, and @ = € sf Let (0,7) € SU) we G, 
and define g:J—G by ¢l =e, ¢2 ¥ (72)(r1) —, otherwise 
arbitrary. This is possible since G has more than one element. 
Thus (7@1)(¢1) = 72 and (¢@1)(71) = (¢2)(71); these two are dif- 
ferent in view of the fact that ¢2 = (r2)(r1)-!. But then 
(9,7)(8,¢) =~ (8,¢),7), so (6,7) can not be in the center. Hence 
every element in the center is of the form (c,;,r) for some r. That 
7 = gc for c¢ € @(G) is proved similarly as in the proof of 5.6. 
Hence (1) holds in this case also. 
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V.5.8. Exercises 


Let S be an inverse subsemigroup of s(X) for some nonempty set_X, 
not containing @. On S define a relation r by: 


arf if there exists y € S_ such that 
dy C da N dg and lay =7 = Blay- 


Show that 7 is the least group congruence on S. 


For a nonempty set / and a group G, let T = J(/) wt G. Show that a 
nonzero element (a,y) of T is idempotent if and only if ai = i and 
gi = | for all i © da, and that in such a case 


Giae) = {(&n) € Td = da, £& € Sa)} & Sda) we G. 


Let X be a nonempty set. Find the idealizer of Jo(X) in 5(X). Show 
that Jo(X) is a densely embedded ideal of 9(X) contained in all non- 
zero ideals of 5(X). 


Let S = 90U/,G,/;4), and for any nonempty subset J of J, let K, 
denote the set of all subsets K of S* such that for every j © J there 
exists a unique element (j,a,/) © K and a unique element (k,b,j) © K, 
with the multiplication of subsets. Show that for a nonzero idem- 
potent (a,~) € A(S), Gia S Kay. Deduce that 2(S) 2K, = 
SC) we G. 

Show that the set of all automorphisms and antiautomorphisms of 
a semigroup S forms a group having the group of automorphisms as 
a subgroup of index | or 2 (and thus a normal subgroup). 


V.5.9 REFERENCES: Brandt [1], Lallement and Petrich [2], 


Petrich [12], Warne [1], [2]. 


V.6. Semilattices of Groups 


For a semilattice of groups S given in the form [Y;Ga,Pa,s], we will 


now construct two isomorphic copies of 2(S); one of these is a generaliza- 
tion of the inverse limit of a directed set of groups and the other one 


. 
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represents 9(S) in the form of a semilattice of groups. Note that a semi- 
group S is a semilattice of groups if and only if S is an inverse completely 
regular semigroup, so semilattices of groups represent the intersection 
of these two important classes of regular semigroups. We begin with 
semilattices. 


V.6.1 LEMMA. Let Y be a semilattice. Then left translations of 
Y coincide with /-endomorphisms of Y where / is an ideal of Y. The 
set Ry of retract ideals coincides with the set of all ideals J having the 


property: For every a © Y, J M J(a) is a principal ideal. The mapping x 
defined by: 


XASAY Q€EA(Y)) 


is an isomorphism of A(Y) onto ®y where the multiplication in the latter 
is the set theoretical intersection. Moreover, for / © ®y the corresponding 
left translation is given by: J N J(@) = J(\q@) for every a © Y. 


Proof. If € A(Y), then for any a € Y, we have 
ha = (Aa)? = (Aa)(Aa) = A[(Aa)a] = AZa, 
and hence for any a,8 & Y, 
\a8) = AXa8) = A(Aa)8] = (\a)(AS). 
This shows that \ is an endomorphism and that \ fixes every ele- 
ment of \Y; it is clear that \¥ is an ideal of ¥. Conversely, let \ 
be an J-endomorphism of ¥ for some ideal /. Then for any a,8 € 
Y, we obtain 
(Aa)8 = A(Aa)8] = (A2a)(X8) = (Aa AB) = Aad) 

since (A@)8 € J and is thus fixed by \. The second statement of 
the lemma follows easily from II1.4.7. Let \,\’ € ACS) and let 


a € Y. Then 


Maja] = Afa(\'a)] = (ee) 
(\’a)Aa) = N[a(Aa)] € VY 


\Na@ 


Il 


so that AN’Y C AY /N XY; conversely, if a = \8 = \y, then 


a = (\8(\’y) = MB(\’y)] = MQ’8)y] = (By) € AVY 
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and thus AY NM d’¥ C dd’Y. Consequently \¥ N \'¥ = »n’Y 
and x is a homomorphism. That x is one-to-one follows from 
the statements already proved and III.4.4. It is now clear that x 
maps A(S) onto ®y. We know already that for a given J © @y, 
a function \ can be defined on Y by the condition: MN J(a) = 
J(\a). Then dq is the greatest element in J with the property of 
being less than or equal to a. Hence the proof of III.4.7 quickly 
implies that \ is an /-endomorphism of Y and hence a left 
translation. 


V.6.2 COROLLARY. If Y is a semilattice, so is Q(Y). 
Proof. This follows from 6.1 and also from III.5.17. 


Note that the isomorphism x in 6.1 maps the set of all inner left trans- 
lations of Y onto the set of all principal ideals of Y. We now fix a semi- 
lattice of groups S = [Y;G.,Wa,], and first introduce the following 
notation. Following the usage in group theory, we write 


inv lim {Gajacy = {(dalacy © IL Ga| Gavap = ap if a> B}. 
acy 


As above, ®y denotes the semigroup of all retract ideals of Y; let 


Rs= U invlim {G.}.¢; 
IE Ry 


with the multiplication 
(da)aci’ (Op)ses = (Ayby)yerns 
This induces the coordinatewise multiplication on each inv lim {Ga} ye. 


We further denote by e, the identity of G., and by ®y the semigroup 
of all principal ideals of Y. 


V.6.3 PROPOSITION. Each inv lim { Ga}acr is a group and 
Ks = [Ry; inv lim VAG we Ty ¢1Jls 


where 


(Ay)a€1P1,J = (G,)0€7 Ia fa 
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Proof. The first statement is easy to verify. From the very con- 
struction, it is clear that @s is a semilattice of groups 
inv lim {Gahacr. For I D J, we have 


(Qa)a€i?1s = Gaacs = (dDrerCces 


where (€a)acy is the identity of inv lim {Ga}acs. It then follows 
that the homomorphisms ¢g;,, determine the multiplication in 
®s. A detailed proof is left as an exercise. 


The principal result of this section can now be proved. 


V.6.4 THEOREM. For S = [¥;G.;a,a] where each G, is a group, 
the function rc defined on A(S) by 


ch—(Aéealeer Where I= {a€ Y|ASN G, + O} (1) 
is an isomorphism of A(S) onto ®s. Furthermore 
cT(S) = {(@a)acr € Rs | IE Py}. 


Proof. Let \ € A(S). For any elements x,y € Gz, we have Ax € 
Gy and Ay € G; for some 7,6 € Y. Then Ax = (yy x) = 
(Ay)y-'x implies y < 6; by symmetry we also have 6 < y so 
that y = 6. Denoting by x — X the natural homomorphism of 
S onto Y, we thus may define a function \ on Y by \x = 
\x (x € S). Consequently 


which shows that \ € A(Y). According to 6.1, \ is completely 
determined by the retract ideal J = XY, and in addition, J coin- 
cides with the ideal J defined in (1). It follows that \e, € G. for 
all a € J, and denoting the multiplication in S by *, for a > B 
we have 


Aes =3 NCA * eg) = (Aeéa) Gls) ae (Aea)Wa,8 


which shows that r maps A(S) into @s. 

Now let A,u € A(S). With the notation introduced above, we 
have \,@ € A(Y) and by 6.1, (X@)Y = XY / ay. Letting ©) = 
(Ca)acr and pw = (d,)acs, we obtain for all eg € d\uS, 


V.6. 


SEMILATTICES OF GROUPS 171 
Cujea = Mula) = Ada = Na * da) = (Ala) * dy = Ca * dy 


which shows that c is a homomorphism. 

Suppose next that tr) = tu = (Ca)acr. By 6.1 we have, 1M 
J(a) = J(Xax) = J(fa) for all a € Y. Hence for any a € Gz, we 
have 


Aa 


NCE * a) = (Aea) xq = (Aexa) GS (ON LO 
AN he PREC Dae 


which proves that rc is one-to-one. 
Let (cy)yer € Rs. On S define a function ) by: 


Ma =c,*a if a€ G, and IN Ka) = M(). (2) 


Since J is a retract ideal of Y, 6.1 implies that for every a € Y 
there is a unique y satisfying (2). It is clear that this \ also in- 
duces a function \ on Y the same way as the left translation \ 
considered above, and that JM J(a) = J(Xa) for all a € Y. 
Hence 6.1 implies X € A(Y), and we have \a = cya *aifa € Ga. 
For any a € G,, b € Gs, we compute 

(Aa) * b = (cXq * a) * b = (CRaVTa, Kap (AWa, Ka) (Ys, ays) 
C Xa) Al (@Pa,a8 (8,08) Wap, (Ka) 
= CXag) * (a * b) = (a * ). 


Consequently \ € A(S) and it is clear that © = (c,),¢,, proving 
that co maps A(S) onto &s. 

Ifa € G,, then Xa = J(a). Conversely, if (4g)3¢ y(a) € As, then 
for any 8B € J(a), we have 


Ag = Aaa = Aa * Cg = Agla * Cp = (Aagla) * &p 
= NaglCa * &p) = Aaals 


which implies t\a, = (4s)ges(q): Lhis proves the last assertion of 
the theorem. 


V.6.5 COROLLARY. With the notation of 6.4, we have 


i 


i) P(S) & A(S) & A(S) = Bs, 
ii) A(S) & (S) [= T(S)=S, 
ii ee ia pee Gata ers 


Proof. First note that a semilattice of groups is reductive, which 


insures that the projections of 2(S) into both A(S) and P(S) are 
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one-to-one. Hence to establish the third isomorphism in part i), 
in view of 6.4, it suffices to show that A(S) = A(S). Thus let \ € 
A(S). Letting ©) = (c,),<7, we know by the proof of 6.4 that » 
can be given as in (2) of 6.4. We now define a function p 
in a sense dualizing (2) of 6.4 as follows. 


ap=artc, if a€G, and If) Ja) = Jy). 


A proof symmetric to the one in 6.4 shows that p € P(S). To show 
that \ and p are linked, we let a € G., b € Gg, IN Ma) = Ay), 
If J@) = J(é). Then 


J(ad) = Ma) N JK(6) = Ma) N TN (8) = TN Se) N JB) 
= J(y) N (8). = Jy) 


sothat ad = 78. It follows that css,a5 = CPy,18, Since (Cy),¢7 € Rs, 
whence 


a* (db) = a*05*b = (AWa,05)(CiW5,05 (OW 8,08) 


(Aa, 18 (CW, a MbWz, 18) 


= a*c,*b = (ap) *b. 


II 


Consequently (A,p) € 2(S) which shows that \ € A(S). The 
first isomorphism in part i) follows by symmetry. Part ii) follows 
from part i) and 6.4. Finally part iii) follows easily from 6.4 and 
part 1). 


Q(S) is also a (sturdy) semilattice of groups. 


Proof. The statement above, excluding the words in parentheses, 


V.6.7 COROLLARY. 


follows from 6.3 and 6.5. Let S be as in 6.4 with all 2,5 one-to- 
one and assume that (da)y¢7 7,7 = (baz, ¢7,, in the notation of 
6.3. Hence a, = b. for all a € J. For every a € J there exists 
6 € J such that JM J(a) = J(B). Since then ag = bs, we must 
have ad. = ba for Wag is one-to-one. It follows that (@s),e7r-= 
(ba)ae, Which shows that y, , is one-to-one. 


direct product of a semilattice and a group. 


Proof. This follows easily from IV.5.2 and 6.6. 


If S is a (sturdy) semilattice of groups, then 


If S is a regular semigroup subdirect product 
of a semilattice and a group, then (S) is also a regular semigroup sub- 
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V.6.8. Exercises 


Let S be a regular semigroup subdirect product of a semilattice 
Y and a group G. Show that (S) is a subdirect product of ®y and G, 
This sharpens 6.7. 


Let Y, L, G and R be a semilattice, a left zero semigroup, a group 
and a right zero semigroup, respectively. Prove 

1) AYXLX GX RR) HL) wt (G X AY) 
where the wreath product on the right is formally defined in the 
same way as in 3.3, 

li) QY XL X GX R)& By X WL) X G X F(R). 
(This generalizes 3.12.) 


Let X be a nonempty set of cardinality n, let Q be the semigroup 
of all subsets of X under the set theoretic intersection, and for 
every tr < 7, let Q, = {A € Q| |A| <7}. Show that each Q, isa 
densely embedded ideal of Q for any r > 2. 


Let Y be a finite semilattice and T be a nonempty subset of Y. Let 
Co = T and for n > 0, suppose that C, has been defined and let 


Con = {a € Y|a =< 1.u.b. {6,77} forsome 6,7:€-C,}. 


Show that C = U,20 C, is the least retract ideal of Y containing 
T. Deduce that ®y forms a lattice and find g.1.b. and l.u.b. in 
®y. (For definitions of a greatest lower bound, g.1.b., and a least 
upper bound, 1.u.b., see 1.5.3.) 


Let (G,J) be an 7-semigroup. Let m be a nonnegative integer and 
a € G be such that m+ I(a,8) > 1 for all 6 € G. Define a func- 
tion [m,a] on (G,J) by 


[m,a](n,8) = (m + n + I(a,8) — 1, a). 


Prove that [7m,a] € A(S) and that, conversely, every \ € A(S 
uniquely written in the form [m,a]. Further show: 
i) [m,a][n,6] = [m + n + I(a,8) — 1, of], 
ii) mo) = [nm + I, a], 
iii) [m,a] € T(S) if and only if m > 0, 
iv) [m,a] is invertible if and only if m = 0 and J(a,8) = | for all 
pier 
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Nae 
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Show that in a semigroup S every element is its own unique inverse 
if and only if S is a semilattice of groups G. in which x? = e for all 
x € G, Also show that such a semigroup is necessarily commutative. 


Prove that the following conditions on a semigroup S are equivalent. 
i) Sis achain of groups. 
ii) Every left and every right ideal of S is two-sided and com- 
pletely prime. 
iii) Sis completely regular and Es is a chain. 
iv) For any x,y € S, either x € yxSy or y € xySx. 
Also show that if such a semigroup does not have an identity, then 


AS) = TS) U 2(S). 


Show that the multiplicative semigroup of a ring R for which 
x € x2R for every x € R, is a semilattice of groups. 


Let S be an -semigroup and let D be the 9t-class of Q(S) containing 
II(S). Show that D is an 9t-semigroup and an ideal of Q(S), and 
that for every Ii-semigroup V which is an extension of S, there 
exists a unique isomorphism of V into D which extends the canoni- 
cal homomorphism 7 of S into Q(S). 


V.6.9 REFERENCES: MeMorris [1], Szdsz [1], Szdsz and 
Szendrei [1], Tamura [5], [14]. 


Appendix A 


Semigroups of Order < 4 


We will not list all semigroups of order < 4 but will proceed as follows. 
For any class @ of semigroups, we may construct a possibly larger class 
by performing one or both of the following types of operations on the 
members of @: 

(a) adjunction of an identity or zero (even if they already have one), 


inflation, 


(8) forming of direct products. 
We will adhere to the following rules. 


iL 
2 


All isomorphs and antiisomorphs will be omitted. 

For < 4, semigroups of order 1 will be divided into 2 categories. 
i) Those that can be obtained from semigroups of order < n by 
one of the above operations. 


ii) The remaining ones are listed by multiplication tables. We let 
G, = the cyclic group of order 7, 


R, = the right zero semigroup of order n; 


semilattices are represented by the associated lower semilattices. 
The rest of the semigroups are classified by the configuration of 
their greatest semilattice decompositions and the number of 
elements in each 9-class, e.g., “{a,b,c}”? means “one %-class, 
it has 3 elements’’; further “{5,c} d’’ means ‘‘the form of the 


a 
greatest semilattice homomorphic image is VY and one of the 
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upper 7-classes has 2 elements, the remaining ones | element 
each,” etc. Multiplication tables contain only the products, 


but no variables, e.g. 


a= ara “a 
Gavaerdera stands for 
a baer 
a aoe 


SEMIGROUPS OF ORDER 2 


i) perform (a) on the semigroup of order 
ii) {a,b}: Go, Ro 


SEMIGROUPS OF ORDER 3 


i) perform (a) on semigroups of order 2. 


Gan aa 
ii) {4,0,¢}%2 G3, R3,.a. “awa 
Qa 
c GaGa oi oy 0 
: aa oe Mo} (63 
{a,b} a bc Hi be 
b 
Y 


SEMIGROUPS OF ORDER 4 


i) perform (a) on semigroups of order 3 and (8) on semigroups 


of order 2. 
Gi (2 Gh Qa 
_ : Qa aaa ana 
Ib) yy. ,0,4t Ga. 
Qo aieag aura 
Gata Daec aa 
OQ (Oh (hai (bl fae Gi aa 
ah ah (oa a aaa aa 
Oe Gh I Ie QL dab waa Gh 
oh Gh (or Is. a fi Gl Tp aa 


~8& & & 


~& & & 


gs 8 8 8 


cop tsy sy is) 


gs a& ag 


8 & & & 


[Sx tes ish is) 


~~ a& & & 


Qg @ea 8 


8 8 & & 
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SESS 
S-SiS.S 
ono 8 


Tas uss OS 


3350 8 
% 28 vo YY 
oo 0 Oo 


3:33 8 


a i) 
~~ i) 
oOo 80 8 


~~ a) 


SO 8 8 
so 8 8 
Oo oso 06 


so 8 8 


SeSy sy as) 
38080 
33059 
3s 388 
sO VD 
IO oO 
DO 0-0 
8,888 
of as Pea eas 
ESET (cs) 1c) 
OO OO 
83a 3 
y ry 
Ol. ° 


fl toy ah Gi 


CE ae. 


OED be? 


Q@"b Yaa 


aa “b 7b 


aa d 
a ia d 


ab did at Wik ee 


& 


Q@aae 


Utd tb. Xb 
(an Joy Vox fo} 


GenDmGenD 


OR ah an 0s 


aaaa 


an b) bi a 


a b bd 


c ad 
GaaDiG AC 


Pe Uae eh ve or I) wie 


ae ty eh Te 


a baa Oh (0h Gi 0 (or (ay (ab 


Ce GaGa a 


BD ta “bb a eh ly Uo: bas be 5 


a b 
a b 


2 OI 
“| Gh 


c 
c 


c 
an gl ak 4: 


oh ly yal 


d 


a 


c 


mn Ya, 


i tal ten (8 
ay eh (ah lo: 
(Gh ah Gol 


a) a aa 


aaa *b 


d 


d 


aa 


Qara fad 


GaGa wi le) eh te 


a b 


i (i) @ Wy 


(ol (a) (ah (a 


a b 
a b 


on lay al 


oy Ih Gy otal 


a De ao a t0s5p b 
Gh (U6 


a fap Gk 


(oe Wy Gh 


a. boa a O20. 7G) 2D 


oh dy Ce dD 
oh Yad Che 


“a ty @ le 
a b 


Gi lo) @ 
ne) 


c 


é 


3-5 0 3 
“sy Gp eS 
S330 
3,00 8 
SS} XS) 8) as: 
80 8 0 
Oo 3-00 
IO 8s 
30 OD 
8s 3 3 
83 379 
F338 3 
S590 5S 
Ss) (SS 
8838 


Seo oas 
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aaaa 
@ @ @ 


a We 
G 2 Gag 
G@ @ Ga 


oo 2b) 
aaad 


ab 6 a 


a 6 6b 
abobo 
a b~e 6b 


abba 


2b @ 


A1b th a 


a %. ib. w 


abobd abba 


abad 


a @ a. .a 
aaba 


@ @ G4 @ 


a 18 “a 42 
a @ sb 2 


@° 2° £& «2 


a “ata a 
aaesbhia 


Ee 


a 


c 


abad ab 6 a 


aas-aad 


ad iad ia. a 
a. @ 0) <a 


Guba a 


De i. aD aD 


a b 


a 


ie 
ata sad, 


ge Ns eal 


aaaa 
a b 


a Ve Saat 
abba 


a 


c 


a @ aad 


a Ca 1a 


@@Qae 


Se? aS aS 
GQ @2 42 @ 


a bob _b 
ab ob b 


& a .D ab 


d 


aa a 6b “¢ 


d 


c 


a b 


(a,b} 
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In the table below, the number of nonisomorphic and nonantiisomorphic 
semigroups of orders 2, 3 and 4 having the properties indicated in the 
first column is given. 


a ee 


Desa 

Seems | 
[commuate | | 
[ompieny ear | 3 [9 2 
a 
Cremeans 2 | 
a 
[aiaempornts | | 


Appendix B 


List of Symbols 

Italic Roman Script Greek 

a-1 104,158 a(S) 1S) as 145 
ap 11 e(S) 9 €a 144 
is(A) 136 &s 1b eis, 11 
0(g) 143 5(X).F'(X) 149 6 141 
Co7! 14 Fo(X) 157 by 14 
Es [2 PuC(s) is 64 
G-. 10 4 42 ” 63 
Go 147 _9(X),9"(X) 164 (Ap) 63 
Jails: 42 IX) 165 ra 64 
J(a) 6 Is 29 Ts 64 
3 42 g 42 Ps 64 
L(a) 6 « 49 p 63 
ibe 42 & 42 oa 29 
N(x),Nx 30 © 30 al, 15 
N(x) 31 @(X) {oa ee 29 
R(a) 6 oy 169 a(S) 81 
Ry 42 @ 427% r"V:S) 66 
S! 8 @s 169 1(V:S) 66 
So 9 A(T) 128 =p g’,g* 149 
S* 9 @y 168 op y’,Pp IS 
S/p 13. 8X) 165 0&4 1 
V/S 62 5(V:S) 81 I(S) 64 
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Italic 

X 16 

Ys 30 

Boldface 

da 149 

ra 149 

rank a 149 

German 

a 150 

b 152 

t 170 
(SESS) fi 12 
inv lim {Gataey 169 
|A| 9 
An 6 
ATAx so. tA, 6 
A\B 9 
(G1) 55 
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Roman Script 


WHX),5(X) 
3o(X) 


15 
15 


Special Symbols 


GwrQ 

oC, G,M;P) 
P = (/p,i) 
MU, G,M;P) 
PwtG 
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Greek 
A 163 
A(S) 64 
A(S) 63 
A(S) 133 
II(S) 64 
TaceASa pH! 
P(S) 63 
P(S) 133 
2(S) 144 
TV:S) 66 
Q(S) 63 
(S,Q;6,[ , }) 
(YS2.0n5- 2) 
(Y3Sa,Was) 
[Y3Sa,Wa,8] 
(Y3Sa;We,e) 
ia) 
Pires) 
g:A—B 
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